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PREFACE 


This book is intended for second- or third-year students 
who have some knowledge of the principles of elementary 
analysis. Definitions of the terms and summaries of those 
results in analysis which are of special importance in the 
theory of series are given in Chapter I. Where it has 
proved convenient the o, O notation has been used, even 
although this is sometimes considered too difficult for the 
average student. In the interests of rigidity it has been 
necessary to discuss the question of the upper and lower 
limits of a function, but I have confined myself to an 
outline of those properties which have direct bearing on 
the convergence of series. 

The central theme of the book is the convergence of 
real series, but series whose terms are complex and real 
infinite products are also discussed as illustrations of the 
main theme. Infinite integrals have been omitted, except 
in connection with the integral test for convergence. 

In an elementary book of this kind it is difficult to 
state, with any accuracy, to whom I am indebted for the 
particular presentation of the subject, but the lecturers of 
my student days, Professor T. M. MacRobert, Dr James 
Hyslop and Mr A. S. Besicovitch, must have influenced 
me considerably. I am especially indebted to Professor 
MacRobert, who, in view of my absence from home, has 
vU 



vlii PREFACE 

very kindly corrected all the proofs for me. My thanks 
are also due to Dr Graham, who has verified the examples, 
and to Dr Rutherford, who, along with Professor MacRobert, 
has seen the book through the press. 

J. M. HYSLOP 

R.A.F. 

Middle East 
August 1942 


PREFACE TO FOURTH EDITION 

In this edition a few errors have been corrected and a 
few minor alterations have been made in the text, in the 
interests of (clarity. 

J. M. HYSLOP 


March 1950 
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CHAPTER I 


FUNCTIONS AND LIMITS 

1 . Introduction. The theory of infinite series is an 
important branch of elementary mathematical analysis. 
For its proper understanding it is essential for the reader 
to have some knowledge of such fundamental ideas as 
bounds, limits, continuity, derivatives and integrals of 
functions. In this chapter a brief sketch will be given of 
those results in analysis which will bo used in the book, 
and also a more detailed discussion of the question of 
limits. It will be assumed that the reader is familiar with 
the simple properties of the logarithmic, exponential, 
hyperbolic and circular functions. Certain properties of 
these functions, however, which are of special importance 
in the theory of series will be derived in Art. 18. 

2. Functions. It is sufficient for our purpose to 
regard a function of a variable as a mathematical expres¬ 
sion which possesses one calculable value corresponding 
to each of a set of values of the variable. Each calculated 
value of the expression is called the value of the function 
corresponding to the appropriate value of the variable. 
Throughout, the letter x or y will denote a real variable, 
that is, a variable which takes only real values and, unless 
otherwise stated, the functions with which we deal will 
also be assumed to be real, that is, to possess only real 
values. Functions of x are usually denoted by symbols 
such as F(x), f{x), (f>(x), etc., and their values when x = a 
by F(a), /(a), <^(a), etc. If values of the function f(x) can 
be determined for certain values of the variable x we say 
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that f{x) is defined for those values of x. If the function 
f{x) is defined for all values of x satisfying the inequality 
a<x<b, we say that f{x) is defined in the open interval 
(a, b). If, in addition, f{x) is defined for a; = a and for 
x = b, then f{x) is defined for a<a;<6 and we say that 
f{x) is defined in the closed interval (a, 6). 

3. Bounds of a Function. Suppose that the function 
f(x) is defined for a certain set of values of x. If there is 
a number which is greater than all the values of f{x) then 
f(x) is said to be bounded above for these values of x. 
If there is a number which is smaller than all the values 
of f(x) then f(x) is*said to be bounded below for these 
values of x. It both conditions are satisfied f{x) is said 
to be bounded for these values of x. 

If, for a certain set of values of x, there is a number K, 
independent of x, such that (i) f(x)^K, (ii) there is at 
least one value of x for which/(a;)>Jf—€, where e is any 
positive number,* then K is called the upper bound of 
f(x) for this set of values of x. If, for a certain set of values 
of X, there is a number ky independent of Xy such that 
(i) f(x)'^ky (ii) there is at least one value of x for which 
f(x)<ik-\-€y then k is called the lower bound of f(x) for 
this set of values of x. 

It is clear that the lower bound of f(x) is not greater 
than its upper bound. 

The functions 

tan Xy (0<a;<i7r), 

(n a positive integer), 
sin (l/o;), (a;>0), 

are, respectively, unbounded above and bounded below 
with lower bound zero, unbounded above and below, 
bounded above and below with upper and lower bounds 
+1 and —1. 

* Throughout c and r) will always denote positive numbers 
and it is convenient to thiiik of them as small. 
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The following theorem is fundamental.* 

Theorem A. If f(x) is bounded above for a certain 
set of values of a;, it possesses an upper bound for these 
values of x. If f(x) is bounded below it possesses a lower 
bound. 


4. Limits of Functions. The function f{x) is said to 
tend to the limit Z as a; tends to a if, given €, we can f find 
rj = rj{€) such J that \fix)—l\<€ for all values of x for 
which the function is defined and which also satisfy the 
inequality \x—a\<'r]. In these circumstances we write 
f(x)-^l as aj-Hi or lim/(a;) = Z. 

x-^a 

The function f{x) is said to tend to the limit I as x 
tends to infinity if, given €, we can find X — X(€) such 
that \f(x)—l\<€ for all values of x>X for which the 
function is defined. In these circumstances we write 
f(x)->l as a;“>oo or lim/(a;) = Z. 

a-^ao 

The function f(x) is said to tend to infinity as x tends 
to infinity if, given any positive number K, we can find 
X = X{K) such that f{x)>K for all values of x>X for 
which the function is defined. In these circumstances 
we write/(a;)-^cx) as a;->oo or lim/(a;) = oo. 

a;-*-* 

The reader should also construct definitions corres¬ 
ponding to the expressions 

lim f(x) == — 00 , lim f{x) = Z, lim/(a;) = oo. 

x—^a 00 

Throughout the remainder of this article we shall 
consider only limits as cc->oo and we shall assume that 

* Theorems A, B, C are stated without proof. Their proofs will 
be found in most text-books on mathematical analysis. 

•f The symbol \x\ means the numerical value of x. For example, 
3| =3, |~2| =2. 

The inequalities + I >1^11 — 1^21 

to verify. 

X The statement rj = rjM means r) depending only on €. 
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the functions under discussion are defined for all sufficiently 
large values of x. There being no possibility of ambiguity 
we shall use the contracted notation limf(x) for a limit 
of this kind. The subsequent theorems hold with trivial 
modifications for other types of limits and, in particular, 
for limits as x-^oo through a certain set of values. It 
will be observed that from the definition of a limit it follows 
that, iff(x) is defined for all values of x and if lim/(a;) = Z, 
then a fortiori f(x)-^l as x tends to infinity through any 
set of values and, in particular, through all positive integral 
values. We now prove some fundamental theorems on 
limits. 

Theorem 1. If \imfi{x) = Zj, lim f 2 (x) = Zg, then 

(i) lim {fi(x) +Mx)} == +I 2 , 

(ii) lim fi{x)fi{x) = Ijl^, 

(iii) lim/i(x)//ji(a;) = 

where, in (iii), Zg 4=0. 

Corresponding to any positive number 6 we can find 
^2 = X 2 {d) such that 

l/i(x)-iii<0, \Ux)~k\<e, 

whenever x>Xi, x>X 2 respectively. IIX = Max (Z^, Zg), 
that is, if Z is the larger of Z^ and Zg, then these two 
inequalities hold a fortiori whenever x>X. 

(i) Given €, let 6 = and determine Z as above. 
Then whenever x>X, which depends only on €, 

|/l(*)+/2{»)-il-?2l < l/l(*)-*ll + l/2{iK)-^2| 

< 26 

= e, 

and this proves (i). 

(ii) Given €, let 0 be the positive root of the equation 

®*+(lill + R2|)»-« = 0 . 
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and determine X as a function of 0, and therefore of €, 
as before. Then, whenever x>X, 


^ |/l(^)| l/2(^)~^2| + l^2l 

< (|^l|+^)^+|^2|^ 

^ 6^+(\li\ + \k\)0 


= €, 

which proves (ii). 

(iii) Given €, let 6 be any positive number satisfying 
both the inequalities 




2i^ii+4i^,r 


and determine X as before. Then,* whenever x>X, 






Ux) li 






\fi{x){k-Mx)} +Ux){fj{x)-li} 



hf2i^) 


c 

l/l(^)| 1^2 

+ 

> 

1 



1^2 

1/2 wi 


{\kHe)9 +i\i2\+e)e 

^ mh\-e) ' 

W / 

which proves (iii). 

It should be noted that (i) and (ii) hold not merely 
for two but for any finite number of functions fi(x), / 2 (a;), 
f^(x)j . . . The reader should examine how far the theorem 
remains true in the case when either or Zg or both are 
infinite. 

* It is assumed here tliat / 2 (a;) ^0 for any particular value of x. 
If it is zero we merely omit the corresponding value of x from 
consideration. 
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Theorem 2. //, for all sufficiently large values of x, 
we have fi(x)^f2(x) then l^^l^^ where li = limfi{x) and 
I2 = lim/alo;). 

Suppose if possible that ?i>Z 2 . Let € be \{li—l^- 
Then, as in the proof of Theorem 1, we can determine 
X = X(€) such that, whenever x>X^ 

It follows that, for such values of x, 


fM-hiP^)>h.-e-l2-e = 0, 

which contradicts the hypothesis. 

The theorem is therefore proved. 

Corollary. Under the conditions of Theorem 2 if 
Um/i(x) = 00 , then lim/gCx) = 00 . 

It should be noted in passing that the hypothesis 
/i(x)</ 2 (x) does not imply the conclusion Zi<i 2 - For 
example, if /^(x) = x^^, / 2 (x) =x'“^, then fi(x)<f 2 (x) when 
x>l but lim/j(x) = lim/ 2 (x) = 0. 

5. Two Important Limits. Besides being of great 
importance in themselves the limits which we shall now 
discuss serve to illustrate the preceding definitions and 
theorems. 

(i) Let f{n) = w®x”, where w is a positive integer * 
and a and x are any real numbers.f We shall determine 
lim f{n) for all values of a and x. 

n-^oo 

Suppose first that |x|<l, a^O. Let J p = [a]+L 
If X = 0, f(n) = 0 for all values of n so that lim f{n) = 0. 

* Throughout the book the letters n, m, p will always represent 
a positive integer (or zero). 

t The definition of the symbol n® for all real values of a will 
be given in Art. 12. 

X The symbol [x] mecms the integral part of x. For example 
[f] = 2 . [3] = 3. 
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If X 9 ^: 0 we may write |x| = 1/(1+o), where o>0. 
for »>^)+l, 

Iff - _”** 

< __ 

n{n—\)..,(n—p) 


1 . 2 ...( 2 ,+ 1 ) 

(j>+l)! 

(i-sHi-i)-(i-s) 

0 , 


Then, 


as n->oo, since the numerator tends to zero and the 
denominator is a product of p factors each of which tends 
to 1. Thus, by Theorem 2, lim f{n) =0. If |a;|<l, a<0 
the same result is true, since 


Suppose now that |a:|>l, a<0. Write j8 = —a and 
let ^ = [^3]+!. Let \x\ = l+«> o>0. Then, arguing as 
before, we have, for n>g'+l, 


l/(n)l> 


(i+g)” 

n« 


n(n-l)...{n-q) 

1 . 2 ...(?+ 1 ) 


a«+^ 






->oo, 

as n->co. If |a;l>l, a>0 the same result is true, since 
n°'\x\‘^>\x\^^ 00 . 


Thus, when x>l, f(n)->oo. When a;<—1, /(w)->oo as 
n tends to infinity through even values and /(?^)->—oo as 
n tends to infinity through odd values. The function 
f(n) is therefore unbounded when |ic|>l. 

When a; = 1 we have/(?i) = n® and lim/(n) = 1, oo, 0 
according as a = 0, >0, <0. 

When X == —1, a>0, we have f(n) = (—which 
does not tend to a limit as n tends to infinity. In the 
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case X == —1, a = 0, however, f{n) is bounded and has 
upper and lower bounds equal to +1 and —1. When 
X = ~1, a<0 the function clearly tends to zero. 

(ii) Let = x^jn I We shall show that, for all 
values of x, <f>(n) tends to zero as n tends to infinity. 

Let N = [|a:|]. Then, if n>N, 



\x\^\x\^-N 

N\(N+l)(N+2)...n 



as W“>c30, by (i), since 0<|a;|<.y+l. The result follows 
from Theorem 2. 


6. Monotonic Functions. If, as x increases in a 
certain interval (a, 6), the function f{x) does not decrease, 
then f(x) is called a monotonic increasing function of 
X in (a, b ); if f(x) does not increase, then it is called a 
monotonic decreasing function of x in (a, h). 

Theorem 3. Iff(x) is a monotonic increasing (decreasing) 
function of x for x^a then, as x-^ao, f(x) tends to a definite 
limit or to +oo( —oo) according as f(x) is hounded above 
(below) or not. 

It will be sufficient to prove the theorem for a monotonic 
increasing function only. 

Suppose that f(x) is bounded. By Theorem A it has 
an upper bound K with the properties, (i) f{x)^K if 
x>a ; (ii) given €, there is a value X of x greater than a 
such that f{X)>K—€. Since f(x) is monotonic increasing 
it follows that, whenever x^X^ 

K—€<f(x) ^K<K +6. 

Thus f(x)’-^K as x-^oo. 

Suppose that f(x) is not bounded above. Given any 
positive number L we can find a value X' of x such that 
f(X*)>L. It follows that/(a:)>L for all values of x'^X\ 
Hence 00 as a;->oo. 


7. Upper and Lower Limits. Suppose that the 
function f(x) is bounded for all values of x^Xq, Let 
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M{X)i m[X) denote respectively the upper and lower 
bounds of f(x) for x'^X^x^, Then M{X), m{X) are 
respectively monotonic decreasing and monotonic in¬ 
creasing bounded functions of X. By Theorem 3 they 
therefore tend to finite limits as X->oo, These limits 
are called respectively the upper and lower limits of 
f{x) as x-^QOy and we write 

lim f{x) = lim f{x) = lim M{X), 

x—^'^ a5— 

\imf(x) = limf{x) = lim m(Z). 

It should be observed that every bounded function 
possesses finite upper and lower limits and that the 
lower limit is not greater than the upper limit. 

As an illustrative example consider the following 
function of the positive integral variable n, 

fin) = 

If N is even, MiN) = 2+ miN) — 0, while, if N is odd, 
Jl/W=2+^^,r»(iV)=0. 

Thus lirn f[n) = 2, lim f{n) = 0. 

It is clear that 

lim sin x = 1, lim sin x = —1. 

The following theorem gives us an alternative definition 
for upper and lower limits. 

Theorem 4. If there is a number I such that, (i) given 
€ there exists X^ = ^^(e) such tlmt f{x)<,l-\-€ whenever x^Xi, 
(ii) no matter how large X^ may he there is a value of x'^X^ 
for which f(x)>l—€, then I = limf{x). Converselyy if 
lim fix) = ly then I has the properties (i) and (ii). 

Similar properties hold in the case of the lower limit. 
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Since M(X^ is the upper bound of f{x) for 
there is a number such that 

Thus, whenever Z^Zj, 

Jf(Z)<if(Zi)</(Z'i)+€<Z+2€. 

Also, from (ii), we have Af(Z)>?—e. Hence M[X)-^l 
as X->oo ; that is, I = limf{x). 

Conversely, if lim f(x) = Z, given €, there is a number 
Zi = Zi(€) such that if(Z)<Z+€ whenever Z^Z^. In 
particular, Jf(Zi)<Z+€; whence /(aj)<Z+€ whenever 
x^Xi, Also there is a number Zg such that (Zg) 

Since M(X^ is the upper bound of f(x) for aj^Zg, there 
is a value of aj^Zg such tha,t f(x)>M(X 2 )—^€, For this 
value of X we then have/(a;)>Z—€. 

For the case of the lower limit a similar proof may be 
constructed. 

Theorem 6. If]imf(x) = lim/(a;) = Z, then lim/(a?) = Z, 
and conversely. 

By Theorem 4, given e we can find Z^ = Zi(€) such 
that/(a;)<Z+e whenever a^^Z^ and Zg = Z 2 (€) such that 
f{x)>l—€ whenever a;^Zg. Let Z = Max (Z^, Zg). Then 
|/(a;)—Z|<€ whenever x'^X ; that is, lim/(a;) = Z. 

We leave the proof of the converse to the reader. 

8. Continuity. Suppose that the function f{x) is 
defined in the interval a^x^b and that Xq is some point * 
(other than a or 6) in this interval. Then f(x) is said to 
be continuous at the point Xq if lim f{x) =/(a;o). It is 

X-^f, 

said to be continuous at a if/(a;)~>/(a) as x tends to a 
from the right (that is, through values of x greater 
than a), and at b if/(a;)->/(6) as x tends to b from the left 
(that is, through values of x less than b). The function is 
said to be continuous in the interval a^x^b if it is 
continuous at every point of the interval. 

♦ Here and occasionally elsewhere it is convenient to use the 
language of geometry. 
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For example, the function z~^ is continuous for a;>0 
or for aj<0 but not for x ~0 since it is not defined at 
this point. Also the function f(x) = x, (a; ^ 0), /(O) = 1 is 
not continuous at a; = 0 since lim /(x) = 0 ^/(O). 

The following theorem summarises those properties of 
continuous functions which we require. 

Theorem B. The sum, difference and 'product of two 
functions f(x) and (fix) which are continuous at Xq are also 
continitous at Xq. Also f(x)I(^{ x) is continuous at Xq provided 
that (I>{xq) ^ 0. 

9. Differentiation. If the function f(x) is defined 
in the interval (a, b), and if a; is a point in this interval, then 

h -^0 

if it exists, is called the derivative or differential 
coefficient of f{x) at the point x, and we denote it by 

f\x) or by ~ f{x). The function f(x) is then said to be 

CiX 

differentiable at the point x. The derivatives of f{x) at 
a and h are defined similarly with the same conventions 
in regard to the limit operations as in the case of continuity. 
If the above limit exists for all points x in the interval 
(a, 6) then f{x) is said to be differentiable in the interval. 
Its derivative f\x) is then defined for all points in the 
interval (a, b). lf f'{x) is differentiable in (a, b) we denote 
its derivative by /"(*). Similarly, we may obtain in 
succession further higher derivatives of/(a:). 

We assume that the reader is familiar with the ordinary 
rules of differentiation and with the derivatives of functions 
which commonly occur in elementary analysis. We state 
the following theorem for the purpose of reference. 

Theorem 0. (i) If /'(a^o) /(^) continuous 

at the poi'nt Xq. (ii) If the n4h derivative f^^\x) of the function 
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f{x) exists in an interval which includes the origin and if x 
is any point in this interval, then we have 

fix) =/(0) + J/'(0)+...+ 
or 

/(*) =/(0)+ f, /'(0)+...+ 

where, in both cases,^ O<0<1. 

The expansions in (ii) are called the Taylor (or 
Maclaurin) expansions off(x). 

10. Integration. For the purposes of this book it 
is not necessary for the reader to be acquainted with 
the strictly arithmetical definition of the definite integral. 
He should, however, know the “ standard ** integrals, the 
more important theoretical properties of integrals and the 
various methods of simplifying and evaluating them. 

Such properties, together with a complete discussion 
of the arithmetical definition of the Riemann integral, 
will be found in R. P. Gillespie, Integration.^ 

Here we shall discuss briefiy the question of infinite 
integrals, as these have important applications to the 
theory of series. In passing it is perhaps worth remarking 
that almost every theorem for infinite series has an exact 
analogue for infinite integrals. 

If, for t^a, the function/(^) is continuous it is known J 

that J f(t)dt exists for x^a and defines a function F(x) 

which is continuous for x'^a. If lim F{x) is finite and equal 

Cco JC— 

to L the integral I f(t)dt is said to be convergent to 

♦ It should be noted that $ depends both on n and on x, 
t This text-book will be referred to as (?• References are to 
the third edition. % See O., pp. 74, 78. 
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the value L, Otherwise the integral is said to be divergent. 
Divergent integrals are further classified into properly 
divergent, finitely oscillating and infinitely oscil¬ 
lating integrals. In the first of these F{x) tends to +oo 
or to — 00 , in the second F(x) does not tend to a limit 
but remains bounded for all large values of rr, while, in 
the third, F(x) does not tend to a limit and is not bounded. 


flco 

For example, the integral j t-^ty (a>0), is convergent 

J a 

for A>1 and properly divergent for A<1, the integral 
sin t dt oscillates fimtely and the integral I dt 


Jo“ 


oscillates infinitely. 

Suppose that, for f(t) and g(t) are positive 

continuous functions and thsit f(t)^y{t). Suppose further 

that f g(t)dt converges to the value M. Under these 


r 

conditions it follows that j f{t)dt is convergent, for F(x) 

J a 

is a monotonic increasing function of x and 



g{t)dt^M. 


Hence, by Theorem 3, F(x) tends to a finite limit. 

Suppose now that f(t) is not defined at the point a 

and that, elsewhere in the range a^t^b,f(t) is continuous. 

rb rb 

In these circumstances j f{t)dt is defined to be lim I f{t)dty 

and is said to be convergent if this limit is finite and 
divergent otherwise. Such an integral is essentially the 
same as that which we have already discussed, for it reduces 
to that type by employing a suitable change of variable. 
The comparison property which we have obtained above 
clearly holds also for this type of integral. We may 

similarly form definitions for J f[t)dt when f{t) is not 
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defined at b or when f{t) is not defined at some point 
within the interval (a, 6). 

J irr 

log (1/sin 6)dd is 

0 

convergent. 


We use the inequality sin^^ —, (O<0<j7r), and some 

7T 

elementary properties of the logarithmic function (see Art. 12). 

The integrand is positive and continuous for 0<^^j7r 
and is not defined at 0 = 0. We have 


log {Ilsm6)d6 < f log {nl26)dd 

Jo Jo 

= log (ir/2e)]*" + J 


dd, 

0 


which is finite. It therefore follows that the given integral is 
convergent. 

rhr 

The given integral is equal to — I log sin 6 dO and its value 

Jo 

will be foimd in Art. 33. 


11. The o, O notation. Let <f>{x) be a positive function 
of X, that is, a function of x which takes only positive 
values, and let f(x) be a second function which is defined 
for the same values of x as ^{x). If, for these values of a:, 
there is a positive number K, independent of a?, such that 

\i(x)\<K<j)(x), 

then we write/(a;) = 0{</>(a;)}. For example, 

sin a; = 0(|a;|), (—i7r<a;<i7r), 
cos X = (5(1), for all values of x. 

The first relation is of course true for values of x outside 
the range (—^tt, Jtt), but, in such cases, the relation 
sin X =s 0(1) is more precise. By the statement 
f(x) = 0{^(a;)} as a:->oo we mean that f(x) == 0{^(ar)} 
for aU values of x concerned which are greater than some 
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fixed number. In the same way a meaning may also be 
attached to the statement/(a;) == 0{^(a;)} as x-hi. 

If, as f{x)l<l>{x)-^, then we write f{x) = o{<l)(x)} 
as x->a. For example, 

tan = o{x^) as a:->0, 
y'af = o(a;) as a;->oo, x = o(^/x) as a;->0. 

It is often convenient to use symbols like 0(a;), o(l), 
0(x^), o{x~'^), etc., without reference to a specific function. 
For example, the symbol 0{x^) stands for any function 
whose numerical or absolute value when divided by a;* 
is bounded for the values of x under consideration. Again, 
the symbol o(l) stands for any function which tends to zero 
as the variable under consideration tends to some number 
which is rendered unambiguous by the context. Meanings 
are thus attached to such statements as 

0(1) = o(a;) ds x->oo, o(x) = o('\/x) as a:~>0. 

If f(x) and <l){x) are any two functions such that 
f(x)l<l)(x)^l as x-^a then we write /(a:)^0(x) as x-^a. 
For example, tan x^^x as x-~>0. 

Example, If, as a;->oo, f(x) = x'^-\-0(x)y show 

that f(x)^{x) = x-\-o(x). 

Since <l>(x)r^-^ we may write ^(o?) = a;”^+o(aj~^). Then 

f(x)<l>(x) = {x^+0(x)){x-^-\-o(x’-^)} 

== a;-|-0(l)-l-o(a;)+0(a?). o(x-^). 

As x-^oo, 0(1) = o(x) and 0(x ). o{x~^) = o (1) = o(x). The 
result therefore follows. 


Examples 

Evaluate the following limits ;— 
... ,. n»-n+l 
2n»+2»i+l’ 

(ii) 

• • • +&* 

a5"-f-n 


(iii) lim 




(&o#0)i; 
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(iv) lim 


oj—aj*n+i 


V(l+a)—V'(l-te) 


2* If lim /(n) = Z prove that 

t.^/ (l)+/(2)+... +/(n) ^^^ 

n 

[Write /(n) = Z+^(w). Then ^(n)->0 as n->oo and the 
result will be proved if we show that 

j ^ ^(i)+^(2)+ ■.. +m ^0. 
n 


Given c, we can find JV = ^(c) such that |<^(n)|<Je, when¬ 
ever n'>N. Writing 


we then have 


|^(i)+^( 2 )+...+^(jV)| =is:, 


K |^(^+I)|+|^(y+2)|+...+|^(n)| 
' ' n n 

K , t{n-N) 

< n + '-^T’ 

<-+i« 

n “ 

< 


whenever n> Max. 2Kl€). The result follows.] 

3. If 

“ V{n(»+1)} V'{(»*+l)(«+2)} ■^"■■^V{( 2 »-l) 2 n} 


prove that f(n) tends to a limit I which satisfies the inequality 

[Show that /(n) is a monotonic decreasing function of n.] 

4. If fl>{x) is continuous for a<a;<6 and if lim {f{x)} =* I, 

a^-►jb 

where k may be finite or infinite and a<Z<6, prove that 


lim 4>{f{x)} = 
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5 . Evaluate 

(i) lim (cos , (ii) lim {( — l)*»-l-sm \nn), 

(iii) lim -- sin - , (iv) lim-- sin 

i^* + l * + l * 

6. If, as a?->0, f(x) = x-\-o{x% <l>{x) = a?“*+0(a?-i), prove 
that f{x)<l>{x) =a;-i4-0(l). 

Answers. 1. (i) i ; (ii) ajbf^; (iii) i if a? if |a;| > 1 ; 

(iv) X if la?! <1, 0 if a; = ±1» —1/a? if la5l>l ; (v) y/2. 6. (i) 1; 
(ii) (iii) -1; (iv) 1. 


B 
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SOME PROPERTIES OF PARTICULAR 
FUNCTIONS 

12. The Logarithmic and Exponential Functions. 

In this chapter we shall consider briefly some of the 
simpler functions of analysis. It wiU be assumed that 
the reader is familiar with their well-known properties, 
and we shall therefore confine ourselves to a discussion 
of those properties which are required for an adequate 
understanding of infinite series. We begin with the 
logarithmic and exponential functions. 

The function log x is defined for ic>0 by means of 

the integral J* dt. The relation ^ ~ ^>0» 

defines t/ as a monotonic increasing continuous function 
of X which tends to infinity as x tends to infinity, and it 
may be shown that, for all values of y, a; is a positive, 
continuous, monotonic increasing function of y. This 
function we denote by exp y. If the number e is defined 
by the equation 

1 = J Vi At, 

it may be proved that, when y is a rational number (that is, 
a number of the form mjn where m and n are integers), 
exp y = e*'. When y is irrational c*' is defined to be exp y. 
The function a^ is then defined for all values of y and all 
positive values of a to be c*' ®. 

We now deduce some properties of these functions, 

19 
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(i) If X is any real number and n is any positive integer, 


X x^ x‘^~^ 

= i + n+r!+-+(;nj! 




where O<0<1. 
Let y == c*. 
Thus 



It follows at once that the derivatives of all orders 
of e* are e* and that their value when a; = 0 is 1. The 
result then follows from Theorem C (ii). 

An immediate consequence of this result is that, 
as x-^0, e* = \ +x+0(x^), 

(ii) If a and x are positive, there is a positive number K, 
independent of x, such that e^^KxP'. 

Let p = [a]+l. Since the terms on the right-hand 
side of the expansion for e* in (i) are positive, we have 
by taking n large enough, for a;>l. 


and, for 0<a;<l, 


x"^ xP- 

> “f 

p\ p\ 


^ > 


The result follows by taking K to be l/pl. 

(iii) If a is any real number then, as x-^co, 


a;”®e®->oo , 


Let jS be any positive number greater than a. Then, 

by (ii)- 






The second result follows at once from the first. 

(iv) If S is any positive number then, as x->oo, log x=o(xS) 
and, as x->0, log x = o(x~^). 



20 


INFINITE SERIES 


The second result follows from the first by writing Ijx 
for X, It is only necessary therefore to prove the first. 
Let log X = y/8. Then we have to show that ye^^->0 as 
y->oo, and this follows at once from (iii). 

(v) For x'^p>—l we have * 

log (1+*) + ^ +B{n, x), 


where 


\R{n, x)\<K 




n+1 ’ 

K being positive and independent of n and x. 

For a?>—1 we have 

ri+x rx 

log(l+a?)=J t^^dt==j {X-\-ty^ dt 

^2 ^3 /ytl 

= *“ I +1 —• \ *)' 


where 

R(n, X) = 

|5(n, a:)|<J t”dt = 
while, if —l</)<(r<0, 

\B{n, ®)l = J 


<"(1+<)-!(£/. 


a;"+l 




(!+/>)• 


■/:<- 


<)"* 


(i+p)- 




n+1 


The result therefore follows. 


»+!• 


♦ In this inequality p is any fixed number greater than —1. 
If necessary it can be regarded as being as close to — 1 as we please, 
t See O'., p. 77. 
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The particular case n = 2 is of special importance. 
In this case we may write 

log (1+a;) = x+0(x^), (—l<p<x<l), 
or log (a;->0). 

The first of these is of course true for a:>l, but is obviously 
a result of no mathematical significance. 

(vi) If a is any real number and rO—1, then 


(1 +*)“=!4-0*+ +• • 


1.2 

+ 


+ 


a(a—w+2) 
1.2...(n-1) 


.n-l 


(l-g)n-i a(a-l)...(a-»+l) 


(l+ex)»- 






where O<0<1. 

This follows almost at onco from the second form of 
Theorem C (ii) since, when a is any real number and 
*>— 1 , 

^(1+*)“ =^{e<“<>8d+*)} = =a(l+*)“-!, 


which is equal to a when x = 0. The values of the other 
derivatives at a; = 0 then follow without difficulty. 

It follows from this result that, for — 

(1+a;)® = l+aa:+0(a;2), 

(l+a;)® = l+aa:+ °^” x^-\-0(\xW etc. 

(vii) Ifx is any real number, then 

lim (l +?y 

y->±Qo\ yj 


Write h = xjy so that, as y-^+oo, 
we may assume that A>—1, 



|log(H-*) 

= e* 

== gz{l+0(|W)} 




Then, since 


as ^->0, since the exponential function is continuous at 
the origin. 
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(viii) If j 8 ia any real number, then 

Write - = 1+A. Then supposing, as we may, that 


A>-1. 


xP-aP (1+A)i»_l i8-l 

lim - = lim - j- -. a 

x-*a ^ ® A-K) ^ 

)81og(l+A) 

Hj 81 og(l+A)- h 


= /3a^ ^ lim 


g)8log(H-A)_2 

;,ToJW(T+hj 


-1 


by (i) since jS log (l +^)->0 as 


13. The Hyperbolic Functions. The hjrperbolio 
functions are defined by the relations 

sinh X = cosh x = J(e*+e”®), 

sinh X .. 1 

tanh X = ——, coth x = 7 —i— , 
cosh X tanh x 


sech X = 


1 


cosh X ’ 


cosech X = 


sinh X* 


These relations define sinh x, cosh x, tanh x, sech x for all 
values of x, and coth x, cosech x for all values of x except 
zero. 

The following properties of these functions may be 
easily verified:— 

(i) cosh%—sinh*a; = 1 , 

(ii) sinh (x-\-y) = sinh x cosh y+cosh x sinh y, 
cosh (x+y) = cosh x cosh y+sinh x sinh y, 

(iii) ^ sinh x = cosh x, ~ cosh x = sinh oj, 
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^3 ^ ^2n 

(iv) sinh X = x+ ^ ^ +...+ sinh^iX, 

cosh X = 1 + ^, + 4 , +... + + ( 2 ;^ 8 inh 0 ^, 

where O< 0 i<l, 0<fl2<l- 


14. The Circular Functions. It is not necessary to 
discuss here logical definitions of the circular functions. 
We assume that the reader is familiar with the properties 
of these functions, and we confine ourselves to a statement 
of the Taylor expansions of sin x and cos x. We have 


sin X = X— g-j +|| —...+(-1)’' 

x*" 

■^(2^ 

X^ oc^ 

cos x=l-|-,+j,-...+(-!)» 


ry»2n~l 

(271-1)! 
sin (diX+nTT)y 

a:2n 


^2n+l 

where O<0i<l, O< 02 < 1 - 


Examples 

1. Evaluate the limits 


(i) lim (l +~)^ 

n-->oo ' 


(ii) lim (l + . 

n—>00 ' 


(iii) 


lim X sin -, 

a>->oo ® 


(iv) lim 

n—>00 


(n-f 1) log n—n log (n-fl) 
log n 


2. Evaluate the limits 
(i) lim a;*, (ii) lim »**, 

flj -->0 a ?->0 


(iii) lim (sin a;)<^° *. 
»->o 


3. Prove that, as a;->-oo, 

log log a; X log log x 

“T- —n -wl- 

log X (log a;)" 
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4. Prove that, as *->0, 

(i) 6**— 

(ii) e®* sin ic == x+0( |a?|*), 

(iii) e® cos x log (1+a:) = x+0(x^), 
it^-hlog (1—x^) 


(iv) 


^3/2, 


a?* — smh^aj 
and that, as a?*>oo, 

(v) log 

6. Prove that as x-^0, sinha?/-^, and that as a?->-oo 
log sinh 


6. Prove that, 


2x^ 2x^ 

.-s.n*=*+- + _-_. 


2 J(n- 


1) sin 7rja;""“l 


+ 


(n-1)! 


2^»a5" . 

-j-- sin {dx-^imr), 

nl 


where 


Answers, 1. (i) 1 ; (ii) oo if a>l, e if a = 1, 1 if a<l 

(iii) 1 ; (iv) L 2. (i) 1; (ii) 0; (iii) 1. 



CHAPTER III 


REAL SEQUENCES AND SERIES 

15. Definition of a Sequence. Suppose that is a 
function of the positive integral variable n which is defined 
for all values of n. Then the ordered set of numbers 

••• > ••• ' 

obtained from by giving n the values 1, 2, ... in turn 
is called an infinite sequence or, more simply, a sequence. 
The numbers ••• called respectively the first, 

second, ... terms of the sequence. In this chapter we 
shall assume that our sequences are real, that is, have 
only real terms, 

16. Convergent, Divergent and Oscillating Se¬ 
quences. The sequence A^ A^, ... is said to converge 
or to bo convergent to the sum a if * lim A^, = a. If A^ 
does not tend to a finite limit the sequence is said to be 
divergent. Divergent sequences are often classified 
further into sequences which are properly divergent, or 
oscillate finitely or oscillate infinitely. In the first 
of these lim = ±oo, in the second A^ is a bounded 
function of n and in the third A^ is not bounded. For 
example, the sequences for which A^ is equal to 1 +l/n, 
log n, sin J7177, (—■l)”7i, are respectively convergent, 
properly divergent, finitely oscillating and infinitely 
oscillating. 

* By lim = a we mean lim An ~ a. We shall adopt this 

n->co 

contracted notation throughout when dealing with functions of the 
positive integral variable n. 
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17. Infinite Series. Suppose that is a function 
of the positive integral variable n. Let 

n 

-4„=ai+a2 + *«*+®n = 

f=l 

The function is called the sum to n terms or the n-th 

partial sum of the series ai+a 2 +a 3 +.... This series is 

00 

often denoted by Eun^ or, more precisely, by Ea^, and 

n = l 

a^, ag, ... are called respectively the first, second, ... terms 
of the series. The series -^-a^ -\-a ^+... is said to converge, 
properly diverge, oscillate finitely or oscillate infinitely 
according as the sequence A^y -4 3 , ... converges, 
properly diverges, oscillates finitely or oscillates infinitely. 
If lim An = a, where a is finite, the series i7a„ is said to 

00 

converge to the sum a, and we write Ean = a. 

n=l 

It will be observed that, in the above paragraph, the 

00 

notation Ean has been employed in two different senses. 

n = l 

It was used firstly as a means of naming a particular 
series and secondly as the sum of the series. The reader 
will find that no difficulty arises from this ambiguity in 
notation. 


18. Important Particular Series. We now obtain 
the expansions in infinite series of certain well-known 
functions. 

(i) If —we have 

Let An denote the 7 i-th partial sum of the series on the 
right. Then, from Arts. 12 and 6 , we have, for 
——1<^ 

K-log (l+a:)l<^-L^ ^ 
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as n->oo. That is, the series on the right is convergent 
and has the sum log (l+x) when — 

When a; = 1 we obtain the following interesting result: 

log 2 = 


(ii) For all values of x we have 

e* = l+i| + ^+... 


n = 0^1 


For the series on the right we have, from Arts. 12 and 5, 

as n-^oo for all values of x. The result follows. 


(iii) For all values of x we have 

^3 ^6 

sina;=a;-3j 

cos* = 1 -^+ 4 ] -•••• 


(iv) For aU values of x we have 

^3 ^5 

sinh ® = *+ ^ + ^ +•••* 
cosh * = 1 + ^ 4! ' 


The proofs of (iii) and (iv) are similar to the proof of (ii). 
(V) If —l<a:< 1 and a is any real number we have 

1 . 4 ^ 11=0 


When a is a positive integer the series on the right reduces 
to a finite sum and the expansion is then valid for all values 
of X. 

We may confine our attention to the first part of the 
theorem, the second part being merely a statement of the 
“ positive integral index case of the binomial theorem. 
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From Art. 12 we have, for the series on the right-hand 
side, when 1, 

( 1_^ \ n+l 

where I (w-l-a)(n-2-a)...(-a) I 

" 1 (n-l)(n-2)...2.1 \‘ 


Suppose that a is positive. Let p = [a]. Then, for 
all sufficiently large values of n, 

+l-a) l 

-1) J 

(a—p)(a+l—p)...(a—l)a 
p(p-l)...2.1 / 

= 0 ( 1 ), 

since each factor lies between 0 and 1. 

Suppose now that a is negative. Let jS = —a, q = [j3]. 
Then, for all sufficiently large values of n, 

((n+p-l){n+p-2)...(n+p-q-l)] 

^"=1 ij:rq I 

.,(' (w+i8-g-2)...(i3+l)i3 l 
. ''I (»-l)(«-2)...(g+l) J 

(2w)»+^ 

?! 

=0(n«+i). 




(ji—1—a)(n—2—a)...(p 
(n-l)(n-2)...(p4 


x{ 


It follows from Art. 5 that, whether a be positive or 
negative, when —l<x<l. 

Moreover, when »>—1, 

O<:(l^0)l{l + 0x)<(l-e)/{l~e) = 1. 

The result stated then follows at once. 
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Two important particular cases of this result are worth 
stating independently. Putting a = — 1 and —x for x we 
obtain (i_a;)-i = i+a:+a; 24 .... , (_l<a:<l). 

Again, putting a = —2 and —x for x, we obtain 
(l-a;)-2 = l+2a;+3a;2+... , (-l<ir<l). 

19. The General Principle of Convergence. We 

now give a very general criterion for the convergence of 
an infinite series or sequence. 

Theorem 6. A nex^ssary and sufficient condition for 
the sequence ^ 2 > ••• ^ convergent is that, given e, 
there should exist a positive integer N = iV(6) such that 
\An+p—An\<€ for all integral values of n>N and for all 
positive integral values of p. 

If the sequence is convergent there is a finite number a 
such that A^-^a, Hence, given e, we can find a positive 
integer N = N(€) such that \An—a\<\€ whenever n>N. 
Thus, if p is any positive integer and n>N, 

Mn+j.—^nl < Mn+j—a| + Mn—= «• 

Thus the condition is necessary. 

On the other hand, if the condition is satisfied, it 
follows that \An—A 2 f^i\<€ for all values of n'^N+l; 
that is, for n'^N+l, 

SO that An is bounded. It follows that both lim A^ and 
lira An are finite and that * 

Ajf^i—e^Mm ^„<lim An<Ay^i+€, 

whence 

But € is arbitrary, so that lim An = lim An. Hence lim An 
exists and is finite. The sequence is thcr(3fore convergent. 

♦ Of the three equality or inequality signs in the succeeding 
line one at least must not be the equality sign. 
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The following is the analogue of Theorem 6 for series. 


Theorem 7. A necessary and sufficient condition for 
the series Ea^ to he convergent is that, given c, we can find 
N = -N'(€), such that 


n-\-p 

E Up 




»'=n+l 


for all integral values of n>N and all positive integral 
values of p. 

This follows at once from Theorem 6, for, if 


we have 


I /-1 


= ®n+l+®n+2 + *«*+®n+D == ^ 


The following deduction from Theorem 7 is very 
important. 


Theorem 8. The series Ea^ cannot be convergent unless 

The theorem will be proved if we show that, if Ea^ is 
convergent, This follows from Theorem 7, with 

p = 1, or from the definition of convergence since 
A^^^i both tend to the same limit and 

It is important to notice that the condition a„*->0 
does not necessarily imply the convergence of the series 
Ea^. For example, in the case of the harmonic series 
l+l+i+i+**-» and 

A >l_l I ^ 1 

Am-A* - -^1 + ^2 2n ^ 2 to “ *■ 


This inequality holds for all values of n however large, so 
that by Theorem 7 the series is not convergent. 

Example .—Show that the series 2 sin (nd -f <^)> cos (nd + ^), 
where ^ is any real number and $ is any real number except 
zero or a multiple of 27r, oscillate finitely. 
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When 0 = 7r the series reduce to 

sin i> 27(—1)", cos <l> —1)" 

which oscillate finitely. Hence we may confine ourselves 
to values of 6 for which 0<d<n and for which 7T<d<2‘7r. 
We shall show first that, for such values of d, sin (n6+<l>) 
does not tend to zero as n-^oo. 

Let Kn = sin (nd + ^) and suppose that Kn-^O. Then we 
can find N such that, whenever n>N, 

I sin ^1 


that is, 


Now 


M < 


l^n+l I H" I'^nl 


\/(4+sin2^) ' 

2 |sin d I 
\/(4-f sin*d) 


( 1 ) 


|«»+il = kn COS ^+cos {nd + <j>) sin 

> V(l-0|sin<?l-kJ|cos^>|, 

BO that 

kn+l| + kn|^\/(l-0|sm^?| 

./ sin*0 2|sin0| 

=■ (‘- i+iw.) I"" “I - V(4TS«)’ 

which contradicts (1). Hence sin (n^+^) does not tend to 
zero. Since cos (n0+^) = sin (n0+<^+j7r) it follows that 
cos {nd-\-<j)) does not tend to zero. By Theorem 8 it follows 
that the series i^sin (nd+<!>), 27 cos {nd-{-<!>) are not convergent. 
They oscillate finitely, since 

I n giu sin I 

£ (vd-\-4>) — {4(n4-l)04-<^} sin 4nd cosec 40 

cos cos ^ 1 

^ cosec i0|. 

The reader will find it an interesting exercise to deduce 
from the fact that sin (n04-^)> cos (nd-\-<f>) do not tend to 
zero, that these functions do not tend to a limit at all. 

20. Some Preliminary Theorems on Series. We 

now show that infinite series possess certain of the well- 
known properties of finite sums. 

CO CO 

Theorem 9. If = a then Scan = ca, where c ie 

n*l 

any number independent of n. 
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This follows at once from the identity 

n n 

JS cUr = cEar 

f—1 f—1 

on making n tend to infinity. 

Theorem 10. 

If = fly Ebf^ = jS then = a-f*j8« 

n=l n«=l n—1 

This follows firom the identity 

f=l r-l r-l 

by making n tend to infinity. 

The same proof shows that if one of the given series 
Ea^y Ebn is divergent and if the other is convergent then 
the series i7(a„+6„) is also divergent. 

Theorem 11. 

GO 00 GO 

If Eun = a then Ea^ = a+<^o == a—o^. 

n=»l n«=0 n=2 

We shall prove only the first part of the theorem, the 
proof of the second part being similar. 

n 

Let A'n= 2Jav, Then clearly = a^+A^^ The 
result then follows on letting n tend to infinity. 

GO 

It is clear that, if the series Ea^ is divergent, each of 

n=l 

00 GO 

the series Ea^y Ea^ is also divergent. 

n»nO n*2 

The theorem shows that a new term may be inserted 
at the beginning of a convergent series without affecting 
its convergence, and that the first term may be removed 
from a convergent series without affecting its convergence. 
A trivial modification of the argument shows that the 
term inserted or removed need not necessarily be at the 
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beginning of the series. A further slight extension enables 
us to conclude that the insertion or removal of any finite 
number of terms from a convergent series does not affect 
its convergence, and that the sums of the various series 
are related in the expected way. 

Theorem 12. If the series Ua^ converges to the sum a 
then so does any series obtained from Ea^ by grouping the 
terms in brackets without altering the order of the terms. 

Suppose that the series derived from Ea^ by the inser¬ 
tion of brackets is Ebp and let Bp denote the v-th partial 
sum of the series Ebp. Suppose that Bp contains 7i„ terms 
of the given series. Then, since the order of the terms 
is unaltered, Bp = As v-^cOy np^oo and An^->a. 

It follows that J5v->a, and the theorem is proved. 

A similar result clearly holds for series which are 
properly divergent. 

It should be noted that the converse of this theorem is 
false. For example, the series (1—1)+(1—1)+... is 
convergent, whereas the series obtained by removing 
brackets is not. Brackets may thus be inserted without 
affecting convergence but may not be removed. 


Examples 

1. By finding their n-th partial sums examine the con¬ 
vergence of the series :— 

(i) Zx^y (ii) S (an-\-h)x^y (iii) S ■ , 

n=l n = l n = l^(^ + l) 


(iv) E 


(V) E 


1 


n(n + l)(n+2)' ' 

n 


2. Prove that, for — 
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3. Prove that 

(i) log {(1 + log {(1 

/ y »6 /|«8 

2.3 3.6 4.7 ' 

(ii) 2 log a?—log (a?+l)““log (a?—1) 

“ j* ^ ^ 

* 4n 

(iii) (1 +a5)e-«-(l -x)6» = S z . 


(iv) i log * = ^ + i (^J)* + \ (^)‘+.... (*>0). 


1 


4. If Ea^ = o, prove that i7(a^4-On+i) = 2a—Oj. 
n=l n=l 

n-\~\ 

6. If il'an is convergent show that the series S -a„ is also 

n 

convergent. 

6. Prove that the series 

s . Sn-<^. (a < 1), 

«_ 2 »Hogn 

are properly divergent. 

7. Show that the series 

00 y 00 00 

2; log (1 + -1, E sin JnTT, En sin JnTr, 

«»«1 ' w*“l n“l 

are respectively properly divergent, finitely oscillating, 
infinitely oscillating. 

00 1 

8. Prove that the series E —-— converges to the sum 

® 2n + l 

2 log 2, and that the series 27( ———— converges to 

n=i n(n-\-l) 

the sum 1. 

® / 1 \ 

9. If Ea^ oscillates finitely and if a„ = o (-) show that 

n-l 

00 

E n(a„—also oscillates finitely. 

n^2 
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10. Using the relation 


tan ix = cot Jj »—2 cot x. 


® 1 X 

find the sum of the series 27 — tan —• 


2« 


2« 


11 . A sequence of positive terms Ai, Aj, 
the relation 


B+An 


An 9 • •. satisfies 


Show that An is a monotonic decreasing or increasing function 
of n according as Deduce the value of lim 

12. If Xi = cos 0 , = 1 and 

aJn+i = i(aJn+2/n)» 2/n+i == A/(^n+i2/n), n = 1 , 2 . 

show that Xn and 2 /„ tend to the common limit sin BjB, 


13. If, for all values of n, if lim ( 6 i-f& 2 *+*•••+^ 11 ) 

00, and if prove that 




Deduce that 


&1+&2 + *** +^n 


B 


sin ^-j-sin - -f-*- 4 -sin- 

(!) - —^e, 

14rt + -4-*«H— 

2 3 n 


(ii) i {l» si 


Q 

sin 042 * sin - 4-*-*+w* sin 
2 




Answers, 1. (i) Convergent if |a;|<l, properly divergent 
if x'^lf oscillates between —1 and 0 if — oscillates 
infinitely if a?< —1 ; (ii) convergent if |a;|<l, properly diver¬ 
gent if a;>l, oscillates infinitely if a?< —1 ; (iii) convergent; 
(iv) convergent; (v) convergent if properly divergent 

if a; = 0, [If a;= — 1 /w, where n is a positive integer, the series 
is meaningless.]; (vi) convergent. 10 . 1 /a;—cot a;, where 
x^O. 11 . ^ 3 . 
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SERIES OF NON-NEGATIVE TERMS 

21. A Fundamental Theorem. We now consider in 

some detail series whose non-zero terms are all of the 
same sign. We shall assume that we are dealing with a 
series Za^ where for all values of n. There is no 

loss of generality in so doing, for a series Za^ for which 

falls into this category when we multiply by — 1. 
It is almost intuitive to expect that such a series cannot 
oscillate. The theorem below contains a formal statement 
and proof of this result. 

Theorem 13. If a^'^O the series Za^ is either convergent 
or properly divergent. 

Since is a monotonic increasing function of n. 

The result then follows from Theorem 3. 

22. Rearrangement of Terms. We have already 
seen in Art. 20 that the terms of any convergent series 
may be grouped in brackets without destroying its con¬ 
vergence so long as the order of the terms is not altered. 
For series of non-negative terms we shall show that we 
may dispense with the latter condition and we shall also 
show that brackets may be removed as well as inserted 
without affecting convergence. 

Theorem 14. Suppose that a„^0. Let Zh^ he any 
series whose terms are those of the series Za^ in a different 
order. If the series Za^ converges to a then so does Zbn, 
and if Za^ is properly divergent then so is Zh^, 

Suppose that 


80 
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Then, if is the largest of the integers nti, m^, tn„ 

n 

and * = Ehv^ we have 


(i) Euv — Ap 

|/ = l V = l 

where p->-co as n“->oo. 

A similar argument shows that there is an integer k 
which tends to infinity as n->oo such that 

(ii) 


Suppose now that £a„ = a. Then (i) shows that 

n = l 

lim Bn^ay while (ii) shows that hm Bj^^a, It therefore 
follows that Ebn converges to a. 

If, on the other hand, Ea^ is properly divergent then 
(ii) shows that Bj^-^cOy so that Eh^ is also properly divergent. 


Theorem 15. Suppose that and that Eb^ is a 

series obtained from Ea^ by picking terms at random and 
grouping in brackets in any way. If the series Ebn converges 
to a then so does Ea^ and if the series Eb^ is properly divergent 
then so is Ea^. 

Let Ecn be the series 276^ with the brackets removed 
and the order of the terms unaltered. Suppose first that 
Ebn converges to the sum a. Then Ecn must converge 
to the sum a for, if it were to converge to a sum other 
than a or were properly divergent it would follow from 
Theorem 12 that Eb^ could not converge to the sum a. 
From Theorem 14 it then follows that Ea^ converges to 
the sum a. 

If Ebn is properly divergent the same type of argument 
shows at once that Eun must also be properly divergent. 

These two theorems show in effect that, as regards 
the alteration of the order of terms and the insertion of 
brackets, series of non-negative terms behave exactly like 
finite sums. 

n 

* The notation = Ubv will be adliered to throughout the book. 
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23. Tests for Convergence. When can be 

calculated explicitly it is usually easy to determine whether 
or not the series is convergent. For a very large number 
of interesting series, however, it is not possible to calculate 
An* It is therefore of some importance to obtain tests 
for the convergence of series which involve only simple 
properties of the terms themselves. A test for general 
series has already been obtained in Theorem 6, but this 
test is not of the type which we are seeking, for, naturally 
enough, to evaluate or obtain inequalities involving the 

W+J> 

expression Uap is hardly less awkward as a rule than the 

p=n+l 

evaluation of 

The tests which follow, although stated for series whose 
terms are all non-negative, hold also for series whose terms 
are non-negative only from some value of n onwards. 

24. The Integral Test. This test is applicable only in 
the case of series for which is a monotonic decreasing 
function. We prove first an important auxiliary theorem : 

Theorem 16. If, for x^l, f(x) is a non-negative, 
monotonic decreasing integrable function such that f(n) = a„ 
for all 'positive integral values of n, then 

lim l^n-J 
exists and satisfies the inequality 

By hypothesis we have,* for all positive integral values 
off, 

fr+l rr+l fr +1 

J f{^)dx^j f{x)dx^j f(r+l)dx; 





• See <?.. p. 77. 
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that is. 


pr+i 

f(x)dx^ar^i. 


Give r the values 1, 2, n—l in succession and add. 
Then 


that is 


or 


^nr-i> j f{x)dx:^A„—ai ; 

Ofl—< —jf{x)dx <ai —A„ 

/: f{x)dx^ai 

and, a fortiori^ 

f(x)dx^ai. 

rn 

Now I f(x)dx is a monotonic decreasing function 
of n, for 

J n + l 

f{x)dx-a„+i^0. 

It follows from Theorem 3 that ^n—j f{x)dx tends to a 

limit which satisfies the inequality stated. 

Theorem 17. If, for x^l, f{x) is a non-negative, mono- 
tonic decreasing integrable function such that f(n) = a^ for 

00 

all positive integral values of n, then the series Za^ and the 
00 

integral j f(x)dx converge or diverge together. In other 
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words, if om of them converges so does the other and if one 
of them properly diverges so does the other. 

These results follow at once from Theorem 16, since 


A, 


— jf{x)dx+ 1^,—J^/(a;)da: 


Suppose that f{x) = arK If A>0, f(x) satisfies the 


conditions of Theorem 17 for x>0. Also 


^QO 




X IS 


convergent if A>1 and properly divergent if 0<A<1. 
Thus the series 


is convergent for A>1 and properly divergent for 0<A<1. 
It is also properly divergent for A<0 since in this case 
its n-th term does not tend to zero. 

Suppose now that f(x) = a;"^(log x)~-^. Then, for A^O 
and x>l, f{x) satisfies the conditions of Theorem 17. 
Moreover, 

p dx ^ r ^ 

J 2 a:(loga:)^ Jiog 2 W^ 


which is convergent if A>1 and properly divergent for 
0<A<1. 

Similar arguments show that the set of series 

00 1 00 1 

___ 

n-.3 W log n (log log n)^ n log n log log n (log log log ’ 

are convergent for A>1 and properly divergent for O^A^l. 


25. The Comparison Tests. 

Theorem 18. If if there is a positive 

nuvsber K, independent of n, and an integer N such that 
a„< Jf&n whenever n>N and if 2bn is convergent, then Za„ 
is also convergent. 
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Since Zb^ is convergent, given e, we can find = ^i(€) 
such that, for all values of n>Ni and all positive integral 
values of 

Zb,<elK. 

v^n+1 

Let N 2 = Max (JV, N^), Then, whenever n>N 2 , we have 

n+p n+j) 

Z(iv<^K Zbv<C.€f 

v—n fl j» = w+l 

and, since this inequality holds for all positive integral 
values of p, it follows that Za^ is convergent. 

It follows from this theorem that if a„>0, if 

lim ajbn = and if Zb^ is convergent then Za^ is also 
convergent. 

Theorem 19. If a„>0, if there is a positive 

number k independent of n and an integer N such that 
an>kbn whenever n>N, and if Zh^ is properly divergent 
then Za^ is also properly divergent. 

If n>N we have 

AJ^—Axf = Zav'>k Zbv = k(By^ — B^), 
v=N + l v—N+l 

whence 

A^^^kBn-^Ajjf^hBjn^ 

Let n->co. Then ^„->oo since B^-^oo and fc>0. 

The reader should satisfy himself that it is possible 
to construct a proof of Theorem 18 along the lines of the 
proof of Theorem 19 and a proof of Theorem 19 along 
the lines of the proof of Theorem 18. It should be noted 
that in Theorem 19 it is essential that k be greater than 
zero. 

As in the case of Theorem 18 it follows that if 
6„>0, if lim ajbn = Z>0 and if Zbn is properly divergent 
then Za^ is properly divergent. 

In the case when the hypotheses of both theorems are 
satisfied we have the following theorem. 
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Theorem 20. If if positive numbers h 

and Ky independent of n, and a positive irdeger N can be 
found such that, whenever n>Nt 

k<aJb^<K, 

then Za^ is cxmvergent or properly divergent cuxordin^g as 
Eb^ is convergenJt or properly divergent. 

In this case we say that Zan and Zbn converge or 
properly diverge together or that Za^ behaves like Zb„, 

We note that, in particular, the conclusion of the 
theorem will be true if lim ajh^ = J>0. 


Example 1. 

00 J 00 J 

The series Z - z , S - \y 

n= 2 n(log n)^ n«»3 n log n(log log n)^ 


are properly divergent for A<0. 

This follows at once from Theorem 19 by comparing these 
series respectively with the following properly divergent 
series s— 


00 1 00 1 

-f z -, 

n-2»» n-3 nlogn 


Example 2. Examine the convergence of the series 


2: log (l+n~^). 

n-i 

The series is properly divergent for A<0 since its n-th 
term does not tend to zero. When A>0, 


lim 

n-Mo 


log (1 +n-^) 
n~^ 


1 . 


Thus the series behaves like Zn -^; that is, it is convergent 
for A>1 and properly divergent for 0<A^1. 


Example 3. Examine for convergence the series Za^ where 

2i+(-i)" 

“ n*+p*' 


We have a^K^ln* and, for n>p, an>l/(2n*). The series 
therefore behaves like Zljn'^ ; that is, it is convergent. 
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26. The Ratio or d’Alembert’s Test. 

Theorem 21. // a„>0 and if lim = p then Sa^ 

is convergent if p<l and properly divergent if p'>\. 

Suppose first that p<l. Then given €(<1—p) we can 
find N =zN(€) such that, whenever 

«»+l<(P+«)«*!• 

In particular, 


^N+m<iP+^)^N+7n-l<(P~^-^)^^N • 

00 

Since 0<p-f-€<l the series I!(p-\-€)^^ay is convergent. 

m = l 

00 

It follows from Theorem 18 that 2a„ is convergent and 

rjc 

therefore that Zap is convergent. 

u-i 

Suppose next that p>l. Given €(<p—1) we can find 
N = iV(e) such that, whenever n^Ny 

«n4-l>(P“^K- 

It follows, as in the first part of the proof, that, for m^l, 

and the result follows from Theorem 19. 

We note in passing that when p = 1 the test yields 
no definite conclusion. For example, in the case of the 
series Zn~^ it is easy to see that p = 1 no matter what 
value A may have. The series is only convergent, however, 
when A>1. 

It may happen in the case of some series that 
lim does not exist. It is clear from the above 
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proofs, however, that such series will be convergent if 
lim a„+i/a,j<l and properly divergent if lim a^+i/a„>l. 


» A 

Example, Examine for convergence the series En 


(a;>0). For this series * 


n-l 


^n+l 



Thus the series is convergent for 0<a;<l and any value of 
A. It is properly divergent for ic>l and any value of A. 
When a; = 1 the series becomes and the behaviour of this 
series has already been discussed. 


27. Cauchy’s Test. 

Theorem 22. If arid if 

fim 7a„ = p, 

then Ea^ is convergent if p< 1 and properly divergent if p>l. 

Suppose first that p<l. Given €(<1~/)) we can find 
N = N(€) such that iya„<p+€, that is, an<(p+^)” 
whenever n^N. It follows from Theorem 18 that Ea^ 
is convergent since 0<p+e<l. 

Suppose now that p>l. Given e(<p—1) we can find 
an infinity of values of w, say rij, rig, ... such that, for 
these values of n, a„>(p—€)”. Since p—€>1 it follows 
that cannot tend to zero so that the series Ea^ is properly 
divergent. 

A more common but less general form of the theorem 
is obtained by replacing lim by lim As in the 

case of the Ratio test no conclusion can be drawn when 
p = 1 for, considering again the series we have 

log ^ log n-^, 

71 

SO that, for all values of A, 

♦ The series is obviously convergent when x ^ 0, 
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28. Connection between the Ratio Test and 
Cauchy’s Test. We shall now show that Cauchy’s test 
is more general than the Ratio test. 

Theoeem 23. If a„>0 and if a^+i/^n tends to a limit 
then tends to the same limit. 

Suppose that a^^Ja^-^p where p is finite and not zero. 
Then log log a^->log p. That is, given c, we can find 
N = N(€) such that, whenever n'^N, 

log p-e<\og a„+i—log a„<log p+e. 

For n write in turn N, iV+1, ... N-\-m—l, and add. 
Then, for m>l, 

m(log p-€)<log aj^^^-\og ay<m(\og p+e), 
that is, 

log p-€< (1/m) log - (l/w) logajsr<log p+e. 
Let m-^oo. Then 

log p-€<lim(l/m) logajvr+/«<;lim(l/m) loga 2 sr+m<logp+e. 

m—>x 

Since e is arbitrary it follows that lim — log exists 

m~ >30 ^ 

and is equal to log p. Hence writing v = N+m we see 
that lim - log a^ = log p ; that is Ijav-^p. 

4^—>00 

The proof only requires trivial alterations in order to 
be applicable also to the cases when p is zero or infinite. 

Exactly the same method of proof suffices to show 
that if 

lim an+Ja^ = cu , lim «n+i/®n = 

then 

ca^lim iya„^liml^a„<i2. 

We have therefore shown that, whenever a series can 
be proved to be convergent or properly divergent by the 
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Ratio test it can also be proved convergent or properly 
divergent by Cauchy’s test. We shall now give an example 
to show that there are series for which a direct application 
of the Ratio test gives no result but whose behaviour may 
be determined by Cauchy’s test. 

Consider the series where 

aearly ^ 

SO that, by Cauchy’s test, the series is convergent. Also 

which is 2 if 71 is even and J if n is odd. Thus lim = 2 

and lim an+i/<^n = so that the Ratio test yields no 
definite result. 


29. A General Test for Convergence. We have 
seen that, in cases when the ratio an+ila^ tends to unity, 
no conclusion can be drawn as regards the behaviour of 
the series The tests which we shall discuss in this 

and the subsequent articles are more delicate than the 
Ratio test and enable us to arrive at a conclusion in such 
cases. These tests are particular cases of a general test 
due to Kummer, which we now proceed to obtain. 


Theorem 24. Suppose that a,j>0, 
is properly divergerU. Let 


lim 


_ JL\ 

®n+l ^n+l/ 


K. 


Then Ea^ converges or properly diverges acMrding as 
fc>0 or K<0. 

Suppose first that /c>0. Then we can find N such 
that, whenever n^N, 

1 a^ 


1 
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that is, 


Thus 


2 

o»+i< - 



^n+l \ 

^n+l/ 


”eIv< ? 


^n+l \ 

&„+J 



Hence, for the series is bounded, so that the 

series is convergent. 

Next suppose that k<0. Then we can find N such 
that, whenever n'^N, 


that is. 


In particular. 


1 ^ 


1 

^n+1 


< 0 ; 


«n+l> r 6„+j. 


«iyr+i> 

<^N+2> 


axf , 


^N+rn^ ^ ^N+m* 

The result then follows from Theorem 19 since Zb^ is 
properly divergent. 

It is clear that in cases when lim (-—^— -— j 

\^n ®n+l ^n+l/ 

does not exist the series 27a„ will be convergent if 

lim /- —-?—I >0 and will be properly divergent if 

\6„ Ctn+l ^n+l/ 

lim -f!L -i] <0. 

\0„ ®n+l ^n+V 
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It should also be noted that the Ratio test corresponds 
to the particular case = 1, (n = 1, 2, ...) of Theorem 24. 


30. Raabe’s Test. 


Theorem 25. Suppose that a„>0 and that, as w-->oo. 


^ = 1 + ^+0 



Then Ea^ is convergent or properly divergent according as 
or>l or a<l. 

From the hypothesis 

-(w+l)| =(7—1, 

( <^n+l J 

so that the result follows from Theorem 24 on writing 
K = a—I, bn = w-i, (n = 1, 2, ...). 


Example ,— ^Examine for convergence the series 
« 1.3.5...(2n~l) 1 

nZr 2.4.6...2n ’ n 

For this series 

a^ (2^1-}-2)(ii-}-1) 271-^-f-4??r-f-2 

®n+i (2n+l)n 2n*+n 

and it follows at once from Raabe’s test that the series is 
convergent. 

It should be noted that in this case the Ratio test gives 
no information. 

31. Gauss’s Test. We have seen that Raabe’s test 
gives no information when a = 1. Gauss’s test is a slight 
modification of Raabe’s test which usually enables us to 
settle the case a = 1 without having recourse to a separate 
argument. We require first a further deduction from 
Theorem 24. 
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Theorem 26. If a^>0 and if 


j I 1 I 

®n+i n\ogn 


then Ea^ is convergent or properly divergent according as 
Urn i s greater than or less than unity. 

Put —, (n = 2, 3,...) in Theorem 24. Then 

n log n 


I 

®n+l 


-— = n log n — - -(^+1) log (w + 1) 

^n+l ®n+l 

— O) _ 1 


say. The series Ea^ will be convergent or properly diver¬ 
gent according as lim is greater than or less than unity 
The last identity may also be written 


_«n_ ^ ^+1 log (n+1) wn—l 
n log w n log n 



and from this the result follows. 


Theorem 27. 

®w+l 


If an>0 and if 


then Ea^ converges if and is properly divergent cr^l. 

D 
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From the hypothesis 


®n+l 


= 1+^+0 

n 



so that, by Raabe’s test, the series is convergent for <t>1 
and properly divergent for a< 1. When a — \ 

^ j 1 Q(rt~8 log n) 

®n+i w log n 

= l + ^ + r^ 
n n log n 


80 that is properly divergent by Theorem 26. 


Example, Examine for convergence the series 
a.)3 a(a + mp + l) 

. 2.y(y4-l) 


where a, y are neither zero nor negative integers. 

Clearly the terms of this series are ultimately of the same 
sign. For convenience we denote the first term of the series 
by Oo instead of by Oi- We then have 


an _ (^4-l)(y+y»> ) 
»n+i (a+n)(j3-fn) 


n*+(a+j3)n-faj3 


j_l_ y+1—g—^ 

n 


+0 



Thus the series is convergent if y>o+j8 and is properly 
divergent if y^a+jS. 

When a is replaced by —a and jS = y, the above series 
becomes 


!+?(-■)+ 


that is, the binomial series when a? = — 1. Our argument 
shows that it is convergent when a>0 and properly divergent 
when a<0. When o = 0 the series becomes X+O+OH-,,. 
which is convergent. 
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32. Euler’s Constant. We conclude this chapter 
with two very important relations. The first is a direct 
deduction from Theorem 16. lff(x) = x~^y (a;>0), Theorem 
16 shows that 

l+^ + ^ + ... + ^-logn 


tends to a limit y which is such that 0<y<l. This number 
y is called Euler’s constant and its value is 0-57721566... 
The following rather less precise result is an obvious 
corollary; 

n 

Uv-^ ^ log n. 

Example ,— 


00 

Evaluate S 
n = 


1 

in(2n + l)’ 


Since 


_ 1 

n(2n-l-l) 


- ^have for this series 

n 2n + l 


4n = 


= 2 - 




= 2 - 


2n-\- 


/I 1 1 1\ 

•l+^(' + 2+-+J -n'+2 + 3+- + d 


= 2+0 +2{log n+y+o(l)}—2{log 2n+y+o(l)} 


= 2-2 log 2 + 0 ( 1 ). 
Hence 

I ’ 

n(2n4-l) 


2—2 log 2. 


33. Stirling’s Approximation for n\ We shall now 
prove that, as n~>oo, 

n\ ^ V(^^) 
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In the proof of this result we require the value of the 
integral 




and we shall obtain this first. 

We have, on putting ttI = 

C\Tr /*|7r 

= I log sin 6 dO - log B dO 
Jo Jo 

= ^1+i^ — i'n- log |7T. 

Now Ti is convergent (see Art. 10) and 


whence 


so that 


rin riv 

Ti = log sin0 dB == log cos0 dB^ 
Jo Jo 

2Ti = J^’^log (i sin 2e)dd 
rin 

= —^77 log 2+ J log sin 2BdB 


= —|7T log 24 -i J log sin<^ d<l>, {<f> = 20), 
= —^77 log 2+Tj. 

Ti = —iw log 2, 

■ttT = Jtt— iw log 2—^77 log 7T+^n log 2, 

T = i log 77. 


We now proceed to prove the main result. 
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We have 


log V = J log V dt = J log {v-\-t)dt—j log I- U 
=J" ^\og t J* log log ^1 + ^j dt 

whence 

log (n!) = i7 log V = J log tdt—^ jz log ^1 — dt. 

The series 2*—log (1- z] behaves, for like 

.=1 \ 

00 

the series 27+1/v^ ; that is, it is convergent. Its sum 

p-=i 


log V dt = \ log (v+t)dt- 


whence 


Hence 


(see Art. 53) is —log ^^. Hence 
log (n!) = J log t J dt 


— ^ i(^) 2(w-) +T 3(n), 

say. Now 




Ti(n) = [< log = (n+J) log (n+\)-n+\ log 2, 


Tti'n) — i log ir—J, 


CbliVi. 
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Collecting these results we obtain 
log (ra!) = log M+ ^n+ log ^1 + ^j 


(■*s) 


log 277+0 I- 


log n-n+l log 277+0 I- I, 


from which the result follows. 

Although the result stated at the beginning of the 
article is sufficient for most applications it should be noted 
that we have really obtained something more precise. We 
have in fact proved that, as n->cx), 


n\ = \/(277)n”+ie~" 



Examples 

1. If Za^ converges to the sum a, prove that log n 

where 


K = - (ai+aa + -*-+On)- 
n 

2. If a„~anP, (p> —1), prove that 

3. Prove that, if p<l. 


anP+l 
P + 1' 


(n+l)'’ (n+2)P ^ ^ (2n)P 


21-P-l 


il-P. 


4. Prove that, as n->-oo. 


2 log 2 3 log 3 n log n 

tends to a definite limit. Deduce that, if p is a positive 
integer. 


1 


nP 

lim Z 

> y=n V log P 


= log p. 
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6. Examine for convergence the series 

(,) (Vi) (V#) 




\/(x+n)—l 

V(**+n»)+l’ 


(x) i;-{V(n»+n+l)-V{«>-n+l)}. 

n 


(xi) i;- {V(»»+i)-\/(»»-i)}. 

fi 




nP- 

(xiii) i;—, 
n! 


n** 

(xiv) 


(xvi) i: 


n! 


(xviii) r 


ir(a; + l)...(a;+n~l)’ 

a(a4-l)...(a-fn-l) 


(XV) E 

(xvii) E 


{2n)\ * 

a(a + l)...(a+n —1), 


V( 


zi)\ 

- 1 )/’ 


(XX) Z 


Hi 

n^n 


(xxi) rjnlogg^-l}. 


(xix) Z 
3n+2 




(xxii) Z (sin g? (xxiii) r i(l+ i +... + ;i). 

^ (sirri)' f, 


„ = 2(log«)*’‘’ 


(xxvi) 


1 


«=2(log»»)*oe"’ 
1 


(xxvii) E 


1 


(xxviii) 27 
n=J 

(xxx) 27 |l + 

n=.2 V 


„ = 3 (log log nllOB"’ 

1.3.5...2n—l 


«-s(logn)‘“8l'>«»’ 
CO r 1 


(xxix) 27- 


2.4.6....2n 


n (log n)^ 






(xxxi) 

^ a(a + l)...(a4-W —+ — + 

1.2...n8(8+1)... (8+i»-l){;((+l)... ii+n-l) 
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6 . If o« = 


1 


1 1 


3n~2 ' 3n-l 3n 

prove that 

An = i log n+log 3+Jy+o(l). 

7. Show that 

« 1 1 

^ r?7i—n ^ ^ —,—>■ ^og 2. 

8. If ^„ = 1+ ^ +...4- prove that 

2 n 

(i) l+in<^,^<n+(i)«, (ii) 

9. Prove that 

^n—r+1 

^ log (nl). 

r=l ^ 

[Use Example 13, p. 35.] 

10. Prove that 

n 

[Use Theorem 23.] 

11 . Prove that 

lim ^ [(n*+l*)(n*+2*)*...(»*H-»*)«]i/n*=, 2/V'e. 


Answers. 6 . (i) Convergent; (ii) properly divergent | 
(iii) convergent if p>l, properly divergent if p^l ; (iv) con¬ 
vergent ; (v) convergent if a?>0, properly divergent if a?<0 ; 
(vi) properly divergent; (vii) properly divergent; (viii) 
convergent; (ix) properly divergent; (x) properly divergent; 
(xi) convergent; (xii) properly divergent; (xiii) convergent; 
(xiv) properly divergent; (xv) convergent if |a;|<2, properly 
divergent if \x\^2 ; (xvi) convergent if x>2, properly diver¬ 
gent if x^2, zero and negative integral values being excluded ; 
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(xvii) convergent; (xviii) convergent if jS—o>2, properly 
divergent if a^2, zero and negative integral values of 
a and p being excluded; (xix) convergent if a >2, properly 
divergent if a^2 ; (xx) properly divergent; (xxi) properly 
divergent; (xxii) convergent if a>l, properly divergent when 
a^l, provided that x^O ; (xxiii) convergent if a>l, properly 
divergent if a^l ; (xxiv) convergent; (xxv) convergent; 
(xxvi) convergent; (xxvii) convergent; (xxviii) properly 
divergent; (xxix) convergent if a>J, properly divergent if 
; (xxx) convergent if a>l, properly divergent if a<l, 
while, if a = 1, convergent for A< —1, properly divergent for 
A^ —1 ; (xxxi) convergent if 8+f—a—j5—y>0, otherwise 
properly divergent, the constants being such that none of 
the factors vanishes. 



CHAPTER V 


GENERAL SERIES 

34. Real Series. We turn now from the special case 
of series whose terms are all of the same sign to series 
whose terms may be real and of either sign and to series 
whose terms may be complex. We consider first real series. 

35. Absolute Convergence. Before defining what 
we mean by absolute convergence we prove the following 
theorem. 

Theorem 28. If the series is convergent, then so 
is the series 

Let «„=«„, (a„>0) . v„ == -a„, (a„<0), 

= 0. (a„<0) ’ =0, (a„>0). 

Then clearly ^^>0, and 

Kl = «n+«i. . «n = Mn-V 

From the first of these relations it follows that 

Wn<Kl 

Since E\an\ is convergent, both Su^, and Zvn are convergent 
by Theorem 18. Hence, by Theorem 10, v„) is 

convergent; that is, is convergent. 

The proper divergence of does not imply the 

divergence of Za^. For example, if a„ = we 

00 00 
have seen that Z\an\ is properly divergent, whereas Za^, 

n=l n«l 

converges to the sum log 2. 

If Za^ is a series such that 2'|a,|| is convergent, then 

68 
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we say that is absolutely convergent. Theorem 28, 
therefore, merely states that every absolutely convergent 
series is necessarily convergent. From the definition it is 
perhaps reasonable to expect that absolutely convergent 
series should possess many of the properties of series whose 
terms are non-negative. We have an instance of this in 
the following theorem. 

Theorem 29. If Sa^ is an absolutely convergent series 
and if Eb^ is a series whose terms are those of Ea^ in a different 
order then Eb^ is absolutely convergent and the sums of the 
two series are the same. 

Define u^ and v^ as in Theorem 28 and let v^ be 
defined in a similar way for the scries Eb^- Since Ea^ 
is absolutely convergent the series Eu^ and Ev^ arc con¬ 
vergent series of non-negative terms. It is clear that 
Eun and Ev^ are formed from Eu^ and Evn respectively 
simply by an alteration in the order of the terms. Hence, 
by Theorem 14, Eu^ and Ev^ converge respectively to 
the sums of the series Eu^ and Evn- Thus Eb^ = E{Un 
is convergent to the sum of the series E{u^—Vn) ~ Ea^. 

The absolute convergence of Eb^ follows at once from 
Theorem 14 since E\an\ is convergent. 

36. Tests for Absolute Convergence. The question 
of examining whether or not a series Ea^ is absolutely 
convergent resolves itself into testing for convergence the 
series of non-negative terms E\a^\. This may be done by 
making use of the tests given in Chapter IV. It should 
be observed, however, that if 

Jim l^n±ij Qj. jjjjj ”/|a„|>l, 

the series Ea^ is not merely not absolutely convergent but 
is in fact divergent. This follows from the fact that each 
of the above conditions implies that so that the 

necessary condition, for the convergence of the 

series Ea^ is not satisfied. 
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The series 1—i+J—... is convergent but not absolutely 
convergent since the series is not convergent. 

A series which is convergent but not absolutely convergent 
is said to be conditionally convergent. 


Example, Examine the convergence of the series 

27{log(n-f 

n=i 

For this series we have 


|»n+l I ^ f log (>1 + 2) 1° 
Kl flog(n + l)j‘ 




Thus the series is absolutely convergent for — l<a;<l and 
divergent for x>\ and for a?< —1. When a; = 1 the series 
is properly divergent. When a? = — 1 and a^O the series is 
divergent since its nth term does not tend to zero. When 
a; = — 1 and a< 0 the series may be shown to be conditionally 
convergent (see Theorem 32 below). 


37. Conditional Convergence. We now consider 
real series which are convergent but not absolutely con¬ 
vergent. We shall obtain tests for the convergence of 
such series which are of wide application. First we prove 
a subsidiary lemma. 

Lemma. If is a positive, monoionic decreasing 
function and if A„ is bounded, then the series 
is absolutely convergent. 

Suppose that \An\<K. Then 

n = l n = l 

= K{b,-by^,) 

< Kbi. 

The result follows from Theorem 3. 
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Theorem 30 [AheVa Test). If is a 'positive, rnxmotonic 
decreasing function and if Ea^ is convergent, then EaJ)^ is 
also convergent. 

n 

Write Cn = = Scp, Then 

Cn = aybi-\-aJ>2-{-----\-aJ)n 

= ^i6i + (^2-^l)^2 + --+(^n-^n-l)&n 
= -^1(^1 ”“^2) +-^2(^2 •—^s) +• • • +-^n-l(^n-l ~^n) +^n^n> 


SO that 

.( 1 ). 

V^\ 

Since Sa^ is convergent A^ tends to a finite limit. 
The conditions of the lemma are therefore satisfied so that 
the series on the right of (1) is convergent. Moreover, 
by Theorem 3, tends to a finite limit. Hence tends 
to a finite limit; that is, the series Za^^ is convergent. 

Theorem 31 (Dirichlefs Test). If bn is a positive, 
monotonic decreasirkjg function with limit zero, and if, for 
the series Zan, An is bounded, then the series Za^bn is 
convergent. 

Using the notation of Theorem 30 we see from the 
lemma and relation (1) that lim {Cn~AJb^ is again finite. 
Now lim AJbn == 0 since An is bounded and 6„->0. Thus 
lim Cn is finite and the series is convergent. 

The case a^= ( —1)””^ of Theorem 31 is of considerable 
importance. We obtain 

Theorem 32. If bn is positive and monotonic decreasing 
with limit zero, then the series 63 +^ 3 “"••• convergent. 

In other words, in the case of a series whose terms 
alternate in sign and steadily diminish in magnitude, a 
necessary and sufficient condition for convergence is that 
its nth term should tend to zero. For example, the series 
i7(‘—1)^71“^, Z'( — l)”{log (n+l)}~“ are convergent for a>0, 
and divergent for a^O. 
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Example, Examine for convergence the series 
sin n^, En-^ cos nd. 

For the series E sin n6, where 6 is neither zero nor a 
multiple of 2ir, we have proved (see Art. 19) that is a 
boimded function of n. By Theorem 31, therefore, the series 
sin nd and, in a similar way, the series cos nd, are 
convergent for a>0 and for all values of d except zero or a 
multiple of 27r. For such values of d both series diverge for 
a^O since their nth terms do not tend to zero. When 0 is a 
multiple of 2n the first series is a series of zeros and so con¬ 
verges for every value of a. The second, however, reduces 
to En~°' which is only convergent when a>l. 

38. Riemann’s Theorem. This theorem, though not 
of practical importance, is of considerable theoretical 
interest. 

Theorem 33. By an appropriate rearrangement of the 
terms of a conditionally convergent series Ea^ we can make 
it converge to any given number a. 

Write 

&«=»«. (an>0), 6„ = 0, (a„<0), 

c„= a„, (a„<0), c„= 0, (a„>0). 

Then 

> l®n| = 
n 

Let An* — E\ar\, Then, with our usual notation, 

r = l 

Bn = i(An+An*) , (?n = 

Now An tends to a finite limit and An* tends to infinity, 
so that Ebn is a properly divergent series of non-negative 
terms and Ecn is a properly divergent series of non-positive 
terms. 

We now form a new series Eun in the following way. 
Let be the least integer such that Eb^>a and define 

r- 1 

to be for r = 1, 2,%. Let be the least integer 



GENERAL SERIES 


63 


ni n, 

such that Eh^-\-ECf<a, and define be for r = 1, 

r=l r=l 

2, Wg. Now take terms of the series Sh^y 

where is just large enough to make Ehf-\-Ec^>a, and 

r=l f=l 

define to be for r = rij+l, Wi+2, 

n 

ni+n^i and so on. If Z7„ = Eu^ we see that 

f=1 

^ni+n2+n,^^> ••• 

and that 

When w lies between and n^+n^y U^—a lies between 
Un^+nt~^ and Un — cr SO that \Un-~cr\ is not greater than 

KI+K+«J- 

Since the series Ea^ is convergent, given c, we can 
find N = N(€) such that \(in\<h^ whenever n>N, Let n 
be any integer greater than both N and n^. Then we 
can find an integer iOl) such that 

^1+71-2+ ... +71^ ^7l< 711+712+ ... +71-/+71^+1 

and 

Wn ^1^ |%i+nt + ...H-nJ + |^Wv+n,+...| 

<€. 

Hence the series Eu^ converges to the sum a. The series 
Eun contains, besides the terms of the series Ea^y an infinite 
number of zero terms. It is clear, however, that the series 
Evn, which is obtained from Eu^ by omitting those zeros 
which do not occur in the original series Ea^y is also 
convergent to the sum or. 

The above proof may be modified to show that, by a 
suitable rearrangement of the terms, a conditionally 
convergent series may be made to be properly divergent 
or to oscillate finitely or infinitely. 

39. Complex Limits. Let be a complex function 
of the real variable n. Then we say that C7„ tends to the 
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limit u as n tends to infinity if, given €, we can find 
N = jy(€) such that ♦ whenever n>N. Suppose 

that Un = and that u = a+fj8. 

Then 

It follows that, to say that JJ^ = A^+iB^ tends to the 
limit a+^j8 is the same as saying that A^-^a and 

It is easy to see that the proofs of the fundamental 
limit theorems can be modified so as to apply to the case 
of complex functions. Moreover, Theorem 6 remains true, 
the proof of the necessity of the condition being as before. 
For the sufficiency of the condition we note that, if we 
write = then \A^„-A„\ and 

being each less than i®®® than € whenever 

n>N and for all values of p. It follows that A^ and 
each tend to finite limits and hence that tends to a 
definite limit. 

40. Series whose Terms may be Complex. Let 

Eun be a series, some or all of whose terms are complex. 

n 

If JJn = Eu^, then the series is said to converge or diverge 

✓ r=l 

according as tends to a definite limit or not. The series 
is said to be absolutely convergent if E\Un\ is convergent. 

Let Un == The preceding article shows that 

to discuss the convergence of the series Eu^ is the same 
as discussing the convergence of the two real series Ea^ 
and Ebn- Thus all the theorems which we have proved 
for real series have straightforward analogues in the case 
of complex series. In particular, an absolutely convergent 
complex series may have its terms rearranged without 

* If 2 = x+iy is a complex number, then \z\ = 

If Zi, 2] are any two complex numbers, then |*i+*2|<l*il + Nal 
and, whati s in reality the same inequality, |iSi±2,|> |2i| — 12 ||. < 7 /. 

Phillips. FuncHona of a Complex Variable, § 2 . 
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affecting its convergence or its sum. Since complex 
series do not differ materially from a pair of real series, 
we shall assume throughout the remainder of the book 
that, unless otherwise stated, all the series with which we 
deal are real series. 

41. Abel’s Lemma. We conclude this chapter by 
proving a theorem of considerable importance. 

Theorem 34. If is a positive monotonic decreas¬ 
ing sequence and if h(m, n), Zr(m, n) denote respectively 

V 

the least and greatest values of the sums Sa^, for v = w 

r=m 

w+1, ..., n, then 

n 

b^h(my n)^I!aj.br^b^H(m, n). 

r—m 

V 

Let /(m, v) = Saj., Then 

f—m 

n 

Za^bf = ajb^ +®fn+i^m+l + • • • +^n^n 

=f(m, m)b„+{f(Tn, m+l)—f{m, 

+{/(m, to—1)}6„ 

=f(m, m)(b„-b„^.j)+f(m, m+l)(6„+i-6„+2)+... 

to-1)(6„_i-6„)+/(w, n)b„. 

Now bm—b„+i, 6m+i—... are all non-negative. Hence 
h(m, TO)(6m—6m+g-t- ... —b„+b„) 

n 

<H(m, TO)(6„-&„+i-f- ... -6„-F6„) 

r—m 

from which the result follows. 

The enunciation of the theorem may be modified in 
the following way in order to cover the case when 
may be complex. 



66 


INFINITE SERIES 


If is a positive monotonic decreasing sequence and if 

V 

K(m,n) denotes the largest of the sums \2a^\ for j; = w, 

f—m 

m+1,... n, then 

\2Ja^br\<b^K(m, n). 

r—m 


Example, Show that, for each fixed value of 6 which is 
not zero or a multiple of 27r, 

cos n$ ^ cos (n + l)d ^ ^ cos 2nd 0 ( ^ \ 

log n log (n + 1) *“ log 2n Vlogn/* 

By Abel’s lemma the absolute value of the left-hand side 
is not greater than 

K{n, in), 

log n 

where iC(n, 2n) is the largest of the sums 

|cos n^+cos (n-4-1)0+...4- cos (n + v)0| 

for 1 / = 0, 1, 2, ...n. Clearly K(n, 2nXl/|sin i0| so that the 
result follows. 


Examples 

1. If a„ and by^ are real and if the series 27o„*, Zby^ are 
convergent, show that the series is absolutely convergent. 

2. Determine for what values of x each of the following 
series is (o) absolutely convergent, (6) convergent:— 


(i) S 
(iv) Z 


71+3 


(n + l)(n+2) 
(2a;-l)« 


7i! (nl)^ 


^/n ’ 


(v) 


(2n)\ 

1 

(nx)^' 


(vi) Z 


(271)! 

/jjfi+i 

a:«-l’ 
n + 1 


/jjfi 2n I 1 x^ 

(vii) S~r log ——, (viii) Z (ix) Z (log »)« log 

-yn n 71* n 

3. For what values of x are the following series convergent f 


(i)Z 


y/n ’ 


(ii) 2^ 


logn* 


(iii) Z cos nx sin -. 

n 
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4. Prove that the series 


is divergent, while the series 

1+^—l+i+i—l+t+i—1+... 

converges to the sum log 3. 

6 . Discuss the convergence of the series 
« (3n+4) 

n=o w(n-f-l)(w-|“ 2 ) 

and find its sum when x = I, 

6 . Prove that the series 


, 11111 1 

IH-V-tH -rH--r --v 

3 A 2 '' 5'' 4^ ( 4 n- 3 )^ 


H r r "h*** 

(4n~l)^ (2n)^ 

is properly divergent for A<1 and convergent for A>1. 
Show that when A = 1 the sum of the series is log ( 2 -y/ 2 ). 


Answers. 2. (i) (a) |a;|<l,(6) —l<a;<l ; (ii) (a), (b) all 
values of x; (iii) (a) |a;|<4, (b) —4<a:<4; (iv) (o) 0<a;<l, 
(6) 0<a?<l; (v) {a),{b)x^O; (vi) (a), {b) |a;|<l; (vii) (a) 
|a;|<l, (6) —l<a;<l; (viii) (o), ( 6 ) |a:|<l ; (ix) (a) l/e<a;<e, 

(b) l/e^x<e, 3, (i) x^^kir, where A; =0, ±1, ±2.; 

(ii) all values of x; (iii) x ^2k7r, where A; = ±1, ±2,. 

5. Series converges absolutely if |a;|^l, 2J. 
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42. Uniform Convergence. Suppose that An(x) is a 
function of the integral variable n and of the continuous 
variable x which is defined for all positive integral values 
of n and for all values of a; in the interval a^x^b. Suppose 
further that, for each value of x in the interval (a, 6), the 
function A^ix) tends to a definite limit as n-^co. This 
limit will be a function of x which we shall denote by 
a{x). From the definition of a limit it follows that, given 
6, we can determine a positive integer N such that 
|a(a;)“-^^(a:)|<€ whenever n>N. As a rule this integer 
N, besides depending on €, will also depend on x. If, 
however, it is possible, for any given €, to determine 
an integer N, which is independent of x, such that 
\a(x)—An(x)\<€ whenever n^N, then we say that, as 
n~>cx), the function A^(a;) tends uniformly or converges 
uniformly to a(x) for 

To illustrate these points consider the function 
An{x) = (O^x^i). 

Given €(<1) we have |A„(a;)|<€ if x^<€\ that is, if 
w>(log€/loga;). Hence if we take N to be [logc/loga;], 
we shall have \An(x)\<€ whenever n>N, Of all the 
values of N corresponding to the various values of x 
the largest is [loge/logj]. Thus, for all values of x 
in the interval (0, J) we can write |^^(a;)|<€ whenever 
w>[log€/logJ]. We therefore conclude that, as w~>oo, 
An(x) tends uniformly to zero. 

08 
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Again, if 

An{x) =a;^ (0<ii;<l), 

= 0, (x = l), 

then |^,j(a;)|<€ if w>[log€/loga;]. In this case the 
function [loge/logz] has no largest value for the various 
values of x under consideration and, although A^ix) tends 
to zero for each value of x, it does not tend uniformly to 
zero. 

In the light of these examples we may therefore rewrite 
our definition of uniform convergence as follows. If, for a 
certain range of values of x, given e, we can find N — N(ey x) 
such that \a{x)—An[x)\<€ whenever n>N, then An{x) 
converges uniformly to a{x) if iV(e, x) is a bounded 
function of x. 

Although we have defined uniform convergence with 
reference to a finite closed interval a^x^b it is clearly 
unnecessary for x to be so restricted. The definition remains 
essentially unaltered for intervals such as a<x<b, x^a, 
etc. It also applies to cases when x may take any infinite 
set of values. For example, we may speak of the function 
A^{M) converging uniformly for all positive integral 
values of M. 

43. Series of Functions. Let a^{x) be a function of n 
and X defined for all positive integral values of n and for 

n 

a^x^b and let An(x) = 2a^{x). The series 2a„(a:), if 

r=l 

convergent, will have a sum a{x) = lim An(x), which will 

n-->oo 

necessarily be a function of x. The series is said to 
converge unifornaly to the sum a(a:) for a^x^b if 
An(x) tends uniformly to a(x) for a^x^b. 

The fundamental theorem for the uniform convergence 
of a series may be stated as follows : 

Theorem 35. A necessary and sufficient condition for 
the series Ea^(x) to be uniformly convergent for a^x^b is 
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n+p 

that^ given €, we can find N == N{€) such that \Za^{x)\<€ 

r = n + l 

whenever n>N and for any positive integral value of p. 

The condition is necessary for, if Ea^ix) is uniformly 
convergent for there is a function a{x) with the 

property that, given c, we can find N = iV'(e) such that, 
for n>N and all values of x in (a, 6), 

It follows that, for such a value of n and any positive 
integral value of p, 

\a(z)-A 

n+D (a;)|<K 

Thus, for a^x^b, n>N and any positive integral value 

n+p 

1 ^ “rWl = Mn+®(«)-^nW| 

f-n + 1 

< M„+„(a:)-a(!c)| + |a(a:)-^„(ir)| 

< e. 

To show that the condition is sufficient we observe 
that, if the condition is satisfied, we have, for 

^n(*)-e<^n+j.(*)<^n(*)+«. 

where n is any fixed integer greater than N. Now, for 
each value of x, the series Ean(x) is convergent by 
Theorem 7 ; that is, An+p(x) tends to a definite limit a(a;), 
say, as p tends to infinity. We then have, for n>N 
and a^x^b, 

€<cL(xX^Ja;)+€; 

that is, the series Ea^ix) converges uniformly to the sum 
a(x). 

44. Tests for Uniform Convergence. We now 
obtain some simple tests for the uniform convergence of 
series. 

Theorem 36. (Weierstrass^s M-tesL) If, for a<a:<6 
ive have where the series EM^ is convergent, 

then the series Ea^ix) is uniformly convergent for a^x^b. 
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Since the series EM^ is convergent, given €, we can 
find N = N(€) such that, for n>N and any positive 
integral value of p, 

-3^n+l+^n+2 +. •.+-3^„+„< €. 

For all such values of n and p, and for 

n+p n+p n+p 

\Sar(x)\ < \ar(x)\ < Z 3I„<€. 

f=n + l r=n + l r=n + l 


The uniform convergence of the series Ea^ix) for a<a;<6 
then follows from Theorem 35. 

It is easy to see that the same proof would hold if 31 ^ 
were a function of x and if the series EM^ix) were uniformly 
convergent for a^x^b. 


For example, the series E 


x^ 


is uniformly convergent 


for — l<a;<l since, for such values of x. 


x^ 


and El/n^ is convergent. 



Other and more delicate tests for uniform convergence 
are obtained by making modifications in Theorems 30 
and 31. 


Theorem 37. If bjx) is a positive, monotonic decreas¬ 
ing function of n for each value of x in the interval a^x^b, 
if bn(x) is bound^ for all values of n and x concerned, and 
if the series Ea„{x) is uniforynly convergent for a^x^b, 
then so also is the series 2'a„(x)6„(a;). 

Suppose that bn{x)<K for a<a;<6 and all positive 
integral values of n, where K is independent of x and n. 
Given e, we can find N = N{€) such that, for n>N and 
any positive integral value of v, 

W+I/ 

\Zar(x)\<€lK. 

r-n+i 
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By Theorem 34 we then obtain 

\Za^(x)b^{x) I <6n(^) Max \Eaf(x) | 

f=n+l j/==l,2,...j; f“=n4*l 

<K . €lK = €. 

The theorem therefore follows. 

For example, the series 2 -—-— \x\^ is uniformly 

convergent for — since |a;|" is positive, monotonic 

decreasing and bounded for and the series 

2 ^(_l)n~iy^ is convergent. 

Theorem 38. If bn(x) is a positive, monotonic decreasing 
function of n for each value of x in the range if 

bn(x) tends uniformly to zero for a^x^b and if there is a 
number K, independent of x and n, such that, for all integral 
values of n and all values of x in (a, b), 

\Saf(x)\<K, 

then the series is uniformly convergent for 

a^x^b. 

Given e, we can find N =zN(€) such that, for n'>N 
and all values of x in the range a^x^b, 

0^bn(x)<€l2K. 

For such a value of n and any positive integral value of p 
we have, by Abel’s Lemma, 

w+p W+j/ 

\Ear{x)br{x) I Max \Ear(x) | 

r—n+l = f=n-fl 

w n-hy 

< b„(x){ \Zar{x) I + Max \Ea,(x) |} 

r = l r=l 

< ^ (K+K) 

= €. 

This proves the theorem. 
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For example, the series 2'{log (w+!)}“»cos na; is 
uniformly convergent for 0<di^x^62<27r, When x 
lies in this range {log (w+l)}”* is a positive monotonic 
decreasing function of n. Also, since (log (n+l)}~»< 
{log (w+l)}~^> the function {log (w+l)}~® tends uniformly 
to zero as w->oo. Moreover, in this range, 

n 

\E cos ra;|<l/(sin \x), 

r = l 

which in turn is less than or equal to the larger of 
l/(sin l/(sin ^^th of which are independent 

of X and n. The series is therefore uniformly convergent 
in the range stated. It is of course to be understood 
that may be as close to zero and 0^ dose to 2tt as 
we please. 

45. Some Properties of Uniformly Convergent 
Series. We turn now to a consideration of the more 
important properties of uniformly convergent series. 

00 

Theorem 39. If the aeries EaJ^x) ia uniformly convergent 

n = l 

/or a^x^b to the sum a(x) and if, for each value of n, a^(x) 
tends to a limit Sn as x-^Xq, where Xq is some point in the 
range {a, b), then, as x->Xq, a(a;) tends to the limit a, where a 
00 

is the sum of the series Es^- 

n=l 

In the first place, we observe that the series Es^ is 
convergent, for, given Cj, we can find N = N(€i) such that, 
for n>N and any positive integral value of p. 


Let x->Xq, Then, for n>N and any positive integral value 
of p, 

The convergence of Esn then follows from Theorem 6. 
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n 

Write 8n = Ssf, Then, given cg, we can find positive 

r=-l 

integers Ni = Ni{€ 2 ) and = iV' 2 (ea) such that 

|w—'S„|<Je2. 

whenever n>Niy and 

|a(«)-^«(a;)|<K 

whenever and for all values of x in (a, 6). Let N 

be a fixed integer greater than both and Then we 
can determine r] = r){N, Cg) = 7^(eg) such that, for all 
values of a; in (a, 6) satisf 3 dng the inequality |a;—a:Q|<'iy, 

Collecting these results we have 
|a(a;) -ff | < |a(a:) | + \As(x)-Sy\ + 

for all values of x in (a, b )satisfying the inequality \x—Xq\<7), 
Hence a(a;) tends to a as x->Xq, Clearly the same result 
is also true if Ua^ix) is uniformly convergent for x^a 
and if an(x) tends to as x tends to infinity. 

It will be observed that, in effect, this theorem is an 
extension to the case of infinite series of Theorem 1 (i). 

00 

Theorem 40. If the series Eayfx) is uniformly convergent 

n — l 

for a^x^b to the sum a(x) and if, at a point Xq in the range 
(a, 6), each of the functions is continuous, then a(x) 

is continuous at the point Xq. 

Since a„(x) is continuous at the point Xq we have 

lira ajx) =: ajxo). 

Hence, by Theorem 39, 

lim a(a;) = a(a?o); 

that is, a(x) is continuous at the point x^. 
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In the case of series whose sum can be readily calculated 
this theorem often provides a good negative test for 
uniform convergence. For example, when aj^x) = a;"(l —a:), 
we have a(a;) = 0 for a: = 1, while a(a;) = 1 for 
0^a:<l. For each value of n, a„(a;) is continuous for 
0^a:^l, whereas a(a;) is not continuous throughout this 
range. It follows that the series cannot be uniformly 
convergent for 0<a;:^l. 

Theorem 41. (Term by term integration.) If the series 


Za^ix) converges uniformly for a^x^b to the sum a(x) and 
n = l 

ify value of n, a^ix) is continuous in this interval, 


then the series 


00 Cz 

ies Z a„i 
n = l J a 


(t)dt converges uniformly for a^x^b 


to the sum J* a(t)dt 


In the first place, it should be observed that all the 
integrals do in fact exist,* since all the functions concerned 
are continuous. 

By hypothesis, given e, we can find N = iV(e) such that, 
whenever n^N, 

Hx)—A„{x)\<el(b-a). 


For such values of n we then have 







< 




r r^dt 
Ja 


€. 


The theorem is therefore proved. 


Example. By expanding l/(l-}-cos0 cosa?) in ascending 
powers of cos 6 cos x prove that, for O<0<7r, 


00 

cosec 6 = 1 +27 


(2v)\ 

2^v(v\)^ 


cos^^d. 


* See O., p. 74. 
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For 0<9<7r and all values of x we have 
1 ® 

;--- = 008 "^ cos*». 

14-cos 0 cos « 

The series on the right is uniformly convergent for all 
values of x since 

|(—1)* cos”d cos"aj|< |cos 
and S |co8 is convergent. Hence 
dx 


Cr. 


I -fcos 0 cos X 
Putting t = tan ^x this becomes 
2dt 


00 

= TT+JS ( —l)"cos"^ coa”xdx, 

n=i Jo 


/ 

Jq 


Iq <*(1--cos ^)4-(1+cos 
that is,^ 


“ = Tr+2Z cos^*'0 f cos^xdx; 
0 ) Jo 


(2v)! 


whence, for 0<6<w, 


“‘“'’■‘tf.z'-W 


Theorem 42. (Term by term differentiation.) If the 
aeries Ea^ix) converges to the sum a(x) for a^x^by if a„'(a?) 
is cmtinuous for a^x^b and if Ea^ix) is uniformly con¬ 
vergent for a^x^bf then the sum of the series Ea^ix) is a'(x). 
Suppose that the sum of the series Ea^(x) is a(x). 
By Theorem 41, if » is any point of (a, 6), 

f a(t)dt E f = 27{a„(a;)~an(a)} 

J a n«>l J a n»l 

= a(x)—a(a). 


* See a., p. 19. 
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Since a{x) is continuous for a<a;<6 it follows * that a(x) 
can be differentiated and that its derivative is g(x). 

Example. Show that, for — l<a;<l, 

1 2a; 4a;^ 8a;’ 1 

f+» i+a^ °° 

The n-th partial sum of the series 
log(l-a:)+log(l+a:)+log (l+*»)+log (l+a^)+... 
is equal to 

log {(1 -a:)( 1 +»)(l+a:*)...(1 
= log 


= log 
^0 


as n->oo for — l<x<l. Moreover, for |x|^p<l. 


1+x*" 




and the series i72"p*" is convergent. Hence the series 
2a; 4a;® 8a;’ 

14 -«* 1-fa;* l+a;® 

is uniformly convergent for |x|</)<l and, by Theorem 42, 
its sum is the derivative of —log (1—a;)—log (1-l-a;); that is 

;- — The result required follows at once. 

1 —a; 1 -fa; 


Neither Theorem 41 nor Theorem 42 has been stated 
in its most general form, but what we have obtained is 
quite general enough to suit most ordinary requirements. 


Example. Show that, for 0< 27r, 

00 J °° 1 

Z - cos v6 = —log (2 sin \d)\ S - sin vd \ (tt—0). 

VtMlV V 


* See (?., p. 79. 
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Let z as oos 8+^ sin 8. Then 


„«i 1— 


whence we have, for |a;|< 1, 

00 

i7a;*'”l{cas vd+i sin vd) 

v-l 


so that 


cos 8+^ sin 8 
1—a? cos d—xi sin 8 
(cos d—x)-\-i sin 8 
1 ~2a; cos 8+a;* * 
cos d—x 


Exv-'^ cos v6 = -— ---i, 

1—2a; cos 8-fa;* 

® sin 8 


2'a;*'“l sin v8 = 


1 — 2a; cos 8-fa?* 


These series are uniformly convergent for all values of 8^ 
and for |a;|<p<L Hence, integrating with respect to x^ 
where 0<a;< 1, we have 


^ a;*'cos vB 
^ XV sin v8 


cos B—t 


2t cos 8-f ^* 
dt 


dt ^ 


—i log (1 —2a; cos 8-fa;*), 
dt 


o(i—cos 8)*-fsin* 8 


. «r® .of* 

= sin 8 — -- —1 = sin 8 ;— 

J ol~2i cos 8-f JoU — 

( X —cos 8\ 

—|-tan-i(~cot 8) 
sin 8 / 


, /X — cos 8\ /StT \ ^ ^ 


Stt 


Suppose that 8 is neither zero nor a multiple of 2ir. Then 

oo QQQ yQ 

the series E - is convergent, and, for 0<a;<l, is 

i,=i 

positive, monotonic decreasing and bounded. The series 
a;^cos v8 

£ - is therefore uniformly convergent for 0<a;^l. 

V 
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Let Then by Theorem 39 if 6 is neither zero nor a 

multiple of 27 r, 

00 1 

27 - cos i log (2—2 cos Q) 

= — log (2 sin \d)t (0<^<2ir). 

In the same way we also obtain 

£ i^) +i TT—d, (0<6<7r), 

y^l V "" \tan-i (tan \d) +|7r —(7r<0<27r), 

= (0<e<27r). 

46. Power Series. The simplest and most important 

GO 

case of a series of functions is the series * Ea^x'^. Such a 

n = 0 

"Series is called a power series. We shall confine ourselves 
here to a short discussion of power series in the real 
variable x. 

Theorem 43. If Urn ^|a„| = l/i? then the series 
Ea^x^ is convergent for |a;|<j? and divergent for |a:|>i?. 

For 

lim ^(|a„||xl") = \x\IR, 

n -^00 

whence the series Ea^x^* is absolutely convergent, and 
therefore convergent, for \x\<iR and divergent for \x\>R, 
The theorem in effect shows that, to every power series 
Ea^x^f there corresponds a miique number R (which may be 
zero or infinity), such that the series is absolutely con¬ 
vergent whenever and divergent whenever |x|>^. 

If X is replaced by the complex variable z the same 
proof shows that the series is convergent whenever 

the point z lies within the circle \z\= R and is divergent 
whenever z is outside this circle. For this reason the 
number R (which may be zero or infinity) is called the 
radius of convergence of the power series. For example, 

* Unless otherwise stated it is to be assumed that the first term 
of the power series 27a„«” is Oq. 



80 


INFINITE SERIES 


the series Zx^jn^ have respectively radii of 

convergence equal to 0, 1, oo. 

Theorem 44. If its radius of convergence is B the 
'power series Za^x^ is uniformly convergent for |a;|<p<i2. 
We have 

|a„a:«| < |a„|p« 

and Z\a^\p'^ is convergent. Thus, by Theorem 36, the 
series Za^x^ is uniformly convergent for |a;|<p<i?. 

We at once conclude that a power series may be 
integrated term by term so long as the limits of integration 
lie strictly within the range (—-iJ, R), The radius of 

QO _ 

convergence of the series Zna^x'^^^ is 1/lim ^(n|a^|), 

n=l 

which is equal to R since Thus a power series 

may also be differentiated term by term at any point x 
strictly within the range (—i?, R). 

We now prove an important theorem due to 
Abel. 

Theorem 46. If the radius of convergence of the series 

00 

ZunX'^ is R and if Za^R^ is convergent, then 

fi*-0 

lim {Z a^x"^) — Za^R^. 

x-^R n = 0 n=0 

The result will follow from Theorem 39 if we show 
that the series ZunX^ is uniformly convergent for 0<a:<jR. 
This in turn follows from Theorem 37, since Za^R^ is 
convergent and (x/R)^ is a positive, monotonic decreasing 
bounded function of n for O^x^R. 

The most important case of the theorem occurs when 
B = 1. We then obtain 

00 oo 

lim (Za„x**) = Za^ 

x-*-l n»0 n—0 

if the series Zun is convergent. 

As an illustration, consider the series J— 
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whose sum for \t\<l is Integrating term by 

term we have, for — l<a;<l, 


tan“^; 


Let Then 


Joi+«* ® 


- = 1— - + i — , 

4 3^6 


which gives Gregory’s series for tt. 
The binomial series 


l+ix + 


A(A-l) 

1.2 




has unit radius of convergence and its sum, for — l<a;<l, 
is (l+a:)A. We shall now examine this series in the cases 
X = —1 and a; = 1. 

Writing —x for x we obtain, for —l<a;<l, 


When X = l the series on the right (see Art. 31) converges 
for A^O and diverges for A<0. Its sum for A>0 is zero 
by Theorem 45 and when A = 0 its sum is obviously unity. 
It follows that, when a; = — 1, the original series is 
convergent to the sum zero for A>0, is convergent to the 
sum 1 when A = 0 and is divergent when A<0. 

When a? = 1 the binomial series becomes 


, I A A(A-l) 

■^l"^ 1.2 ■*■•••• 


00 


Denoting it by Sa^ we have 

n = () 


_ / „Jn-A-l)(«-A-2)...(l-A)(-A) 

“*• = -• 


If A <—L |a„ I ^ 1 so that the series is divergent. If A > — 1 

F 



82 


INFrNiTE SERIES 


the terms of the series ultimately alternate in sign and 
|a^| steadily decreases. The convergence of the series 
therefore depends on whether or not Writing 

p = [A], and remembering that 1—(a;>0), we have 

= 0 ( 1 ). 

when A > •—1. The series therefore converges when 
A > — 1 and its sum, by Theorem 45, is 2^. 

The example just considered shows that it is not true 
to assert that if the series converges for — l<a;<l 

and if lim (Za^x"^) is finite then the series converges at the 

aj— 

point a; = 1. That this converse of Theorem 45 is false 
follows from the fact that, for all values of A, (l+x)^-^2^ 
as x^l, whereas the binomial series at a? = 1 is only 
convergent for A > —1. 

We conclude this chapter by proving a theorem of 
considerable theoretical interest. 

Theorem 46. Every power series is the Maclaurin 
series of its sum function. 

00 

Let a(a:) = Za^x^. Then a{x) is defined for all values 
n=0 

of X inside the range (—iZ, 12), where R is the radius of 
convergence of the series. For such values of x we have 
00 

n=»r 

SO that a<*'>(0) = r! a^. Thus = a^^^(0)/r! for all positive 
integral values of r. This proves the theorem. 
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Examples 

1. Discuss the uniform convergence with respect to x 
of the series 


00 

(i) Z ~ 

' 1 n’* 


00 mII 


oo 

(iii) s 


I 


CO ( _I \ n / 00 

(iv) Z !-y- sin (l + - , (v) Z 
n*=l n=0 


n=i (a5*+n)(x*+n + l)’ 
* sinh a; 


cosh naj cosh (n +1 )a; 


2. Discuss the uniform convergence with respect to 6, 
where 6 lies in the range (0, 27r), of the series 


® log n 

(i) 2 -^sinn0, 

n»2 ^ 

2 ^(27r-^) sin 

(ill) ^ - -T-. 

n = l 


(ii) 27 cos"0 cos 

n=l 

00 

(iv) 27 cos (2n + l)d. 

n = l 


3. Find the sums, for |x|^l, of tho series 

® 1.3.5...(2n-l) x*"+i 
2.4.6...2n 2n + r 
^ 1.3.5...(2n-l) x»»+» 

"" 2.4.»...2n 


2ti 1 


and deduce that 


, 1.3 1 1.3.5.7 1 . 

1 j-. - -. - 4- 

^ 2.4 5 2 . 4 . 6.8 9 


^log (1+V2)- 


00 

4. Show that tho series 27x(l—a;)" is convergent but not 

n=() 

uniformly convergent for 0^x^p<2, Is there an interval 
of uniform convergence ? Show that the sum of the series is 
not continuous at the origin but that term by term integration 
over the range (0, 1) loads to a correct result. 

00 

5. Show that the series 27a;’»(l —a?”) is not uniformly con- 

vergent in the interval O^a;^! and determine for what 

00 

values of a the series 2;'(1--a;)®a;"(l—a;") is uniformly con- 
n=l 

vergent in that interval. 
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6. By comparing it with an integral, show that the series 

^(a>0, i8>0). 

n = l 

will not be uniformly convergent in any interval including the 
origin if a^jS. 

7. K 

""„fo (2n+l “ 2M+2r ""„fo|2n+l “ 257+2/’ 

r 

show that f{x) is continuous for and that ^(x) is 

continuous in the same interval except at the point of * 1. 
Explain the discrepancy. 

8. Prove that 


(i) sin sin 20+J sin 30—... = ^0, (—7T<0<7r), 

(ii) cos 0—4 cos 20 +Jcos 30—... — log(2cos 40), (—7r<0<w), 

(iii) sin 0 + 4 sin 30+4 sin 60+... == Jtr, (O<0 <it), 


.. V 1 1 1 

<>'') P 2a 3* I’ 


COS 20 I cos 30 
—gi I 3r“ 


r, (-7r<0<7r). 


[To obtain (iv), multiply (i) by 0 and integrate from 0 to w, 
justifying the term by term integration over this range.] 

9. Prove that, for O^0<;27r, 

27 = 1 — 2 sin40{sin 40 log (2 sin 40) +4(w ~0) cos 40}, 

u„in(n + l) 

27 = 2 sin40{4(w—0) sin 40—cos 40 log (2 sin 40)}. 

n-=i ^(^ + 1 ) 


Deduce that 


"'33-53+0- 

"" O - £5 + iS - - ■ "« 2-4). 
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10. Prove that, if 

1—f 1 X 

Jo O tTs 

and deduce that 

1 1 _ ^ 

172 O rs ■*■■" ~ 3^’ 

r2 + ^ + +••• = r773 +* 

11. By expanding (l+^^os ^ cos a;)~^ in ascending powers 
of cos 0 cos X prove that, for 0< 6< n. 


= l s 


sin 8 


(2m)! ^ ^ 2 22"»-2{(m—1)1}2 , 

cos 2w»0 — --- cos 


(2m-l)! 


12. If, for a certain range of values of a?, Ea^x^ = 

n =»0 n =0 

show that o„ = for all positive integral values of n. 


Answers. 1. (i) For all values of x; (ii) — l^x^l if 
a>l, -“l<cc^A;<l if 0<a^l, —1 < —<1 if a^O ; 
(iii) for all values of a;; (iv)forall valuesof a?; (v)for a;^ — A;<0 
and for 0<A;^a;. 2. (i) 0<ifc^^:^Z<27r; (ii) O<k^0^l<Tt 

and ir<p^6^q<2TT; (iii) 0<^<27r; (iv) 3. (i) 

sin~^a;; (ii) log {a; + \/(l+^*)}* 0<k^x^p<2. 6. a>l. 

7. f{x) = log (l-fa?)> == i log (l+a?) when |a;|<l, while 

/(I) = ^(1) = log 2. In the proof of Theorem 45 it is assumed 
that the series is arranged in ascending powers of x. The 
theorem does not, therefore, apply to the series for <^(a;) with 
the brackets removed. 
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47. Multiplication of Series of Non-Negative 

00 oo 

Terms. Suppose that Eb^ are any two series. Then 

n=0 n=0 


00 

the series Ec^y where 

n==0 

Cn = «o^n+®l^n~l+ ••• +«n^0> 


is called the product series of the two series Ea^ and Eh^. 
The reason for this definition, in the case of series whoso 
terms are non-negative, is shown by the following theorem. 


Theorem 47. If b^'^O and if Ea^ and Eb^ 


n = 0 


converge respectively to the sums a and P then Ec^ converges 

n-O 

to the sum aj5. 


Consider the array 


(Zq&qI a^Q 

a^Q 

aJ)Q 

a^bo... 



aj)i 

• •• 


a^2 

1 ®3^2 



aj)^ 

aj)^ 

• •• 




and suppose that denotes the sum of all those terms 
which belong to the (n+l)-th square but not to the n-th 
square. For example 

cJq == aj)^ f dj = > ••• 
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Clearly we have ♦ 

do = 

dj = —^Q^o» 

d/2 = ^2^2 — 


dji — 

Adding we obtain and, since A^-^a, 

it follows that Ed^ converges to the sum aj3. Rom 
Theorems 16 and 14 in turn it then follows that the follow¬ 
ing series 

“h^o^a “h®2^o ~i“®o^3 “h^i^a “h®a^i “l~®s^o 

®0^0 + (®0^1+^l^o)+(®0^2+%^l+®2^o)+ • • • 

are each convergent to the sum aj8. This proves the 

theorem. 


48. Multiplication of General Series. Consider 


the series Ea^ and Eh^ where 


(— 1 )” 

ao == Oi = 6o = ^ = 0, a„ = b„ = (n>2). 


We have 

c*i 


C„ = (-1)" { 


+ 


log n 
I 


log 2 log (n—2) log 3 log («—3) 

+...+ ^ 


so that, when n is even, 


log (»—2) log 2 


}• 


and, when n is odd, 


. n—S 
(log in)* 

n—S 


^ {log i(n-l) log i{n+l)} 


— 00 . 


The series Ec^ therefore does not converge. 

n 

* Throughout this chapter denotes Zav and C7„, D„ are 

peaQ 

defined similarly for the series Zc^ and Zd^, 
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This example shows that to ensure the convergence 
of Scn to the product of the sums of the series and 
Ub^ we require, besides the convergence of and Zb^y 
some further limitation on the behaviour of these series 
or of Zcn. One sufficient limitation of this kind, namely 
bn'^0, has already been obtained. The theorems 
of this article provide further illustrations of this principle. 

Theorem 48. If Za^, Zb^ converge absolutely to the 
sums a and j3, then Zc^ converges absolutely to the sum aj3. 

Since Za^ and Zb^ are convergent it follows, as in the 
proof of Theorem 47, that the series 

+ (^ 0^2 +® 2^2 +® 2^1 +® 2 ^ o ) + • • • ( 1 ) 

converges to the sum aj8, and, since Z\an\ and Z\b^\ are 
convergent, that the series 

Wl^ol+(Wl^il+Kll^il+Wl^ol) 

+(Wl^al + I + |«2l|^o|)+••• 

is convergent. From Theorem 15 it follows that the series 
+® 0 ^ 1 +^ 1^0 0^2 +® 1^2 +® 2 ^a 4 “® 2^1 +® 2^0 " t " • • • ( 2 ) 

is absolutely convergent. Let the sum of this series be o. 
Series (1) is obtained from series (2) merely by the insertion 
of certain brackets. Hence, from Theorem 12, a = aj3. 
It now follows from Theorem 29 that the series 

+® 0^2 +^ 1^1 +^ 2^0 + • • • 

converges to the sum ajS and, from Theorem 12, that the 
series Zc^ converges to the sum aj3. 

The absolute convergence of Zc^ follows from the 
fact that 

Z\Cn\ < Wl^ol + l«oll^ll + Kl|6ol +••• f 

n »0 

which is convergent. 
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Example. If 2 is any complex number and exp z is defined 

00 

to be prove that 

n«=0 

exp z exp J = exp 

The series for exp z and exp f are absolutely convergent 
for all values of 2 and J respectively. Hence 


exp 2 exp 


(n~l)!l! 


zn-2^2 


(n-2)!2! 




•+ 2 -} 


00 1 

= r- (*+0- 

n-0«* 

= exp (*+D- 


Theobbm 49. If Ua„, Zb„ converge respectively to the 

00 

sums a, jS and if Ec^ converges then Ec^ = ap. 

n = 0 

00 00 00 

The series Ea^x^, Eb^x^, Ec^x^ are all absolutely con- 

n=0 n=0 n=«0 

vergent for — l<a;<l since, by hypothesis, their radii of 
convergence are not less than unity. Let their sums be 
a{x), P{x), y{x). The third series is clearly the product 
series of the first two, so that, by Theorem 48, 
y(x) = a(x)P[x). 

Let x-^l. Then it follows from Theorem 45 that 


00 


IIc„ = ap. 

n-O 


Example. 
n-O I 


Prove that 

(n+l). 1 "’’rTl + 




Write a^^hn^ (~l)»*/(n + l), (n>0). Then La^ and Sh^ 
converge to the sum log 2. Also the product series of i7a, 
and Eh^ is Ec„ where 


c, = (-1)" I 


+ 


(n+l).l n.2 


+...+ 


1 


I.(» + !) 


}• 
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When n is even we have, by Theorem 16, 
c »<2 

dx 


{(»+l).l 2 (in+l)»} 

= 2 f*”'"' ^ +o(i) 

Jl a;(n+2—a?) W 


n4-2 
= 0 ( 1 ). 


^ log(n+l)+O0 


Similarly, when n is odd, = o (1). 

Moreover, |c„| is a monotonic decreasing function, for 

|e«-i|-kl 

= J- + _L_+...+-l-_J__ 

n.l (n-l).2^ ^l.n (n+l).l w.2 l.(n+l) 

_J_/1_1\ 1/1__L 

“nil” 2/ 3/ ‘*’’"'^Tln“n+i/ ~n+i 

n \l 2~2 3 ~n n+lj n+1 

_ 1 _ _1_ 

n n(n + l) n-fl 

= 0 . 


It follows from Theorem 32 that Ec^ is convergent 
and, from Theorem 49, that its sum is (log 2)^. 

Finally, we have the following theorem of Mertens. 

Theorem 60. If Ea^ converges absolutely to the sum a 
and if Eb^ converges to the sum then Ec^ converges to the 
sum a|3. 

Let the sum of the series E\an\ be or. From h 3 rpothesis 
there is a positive number K such that, for all values of n, 
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Moreover, given €, we can find that, 

for n>NQ and any positive integral value of p, 

l®n+l I + |«n+21 + • • • + |®n+p I < 

and we can find ~ such that, for n>Ni, and any 

positive integral value of p, 

\K +^n+l + • • • +K+x> I < €/2a. 

Let N bo any fixed positive integer greater than Nq, 
Then, taking we have 

^n^n-~(^n = (®o+®l‘+®/i)(^0+^l+• • •+^n) 

—{^06 0 + 0^1 0) + 0^2 +®1^14-®2^ 0) + • • • 

+ (^0^n+®l^n-l + • • • +®n-l^l +»n^o)} 
= a^bn +Cl 2 (bn-i +&n) +®3(^n-2 +^n-l +^n) + • • • 

+®n(^l +^2 + * • • +^n) 

= a^bn +«2(^n-l +6n) + • • • +®iv(^n-2^+l + • • • +^n) 
+ajv+i(^n-jy+• • • +^n) + • • • +®n(^l +^2 + • • • +^n) 

= Pn^Qm 
say. Now 

2Ke 

!Cn|^2Z{|aj^+l|-f|a2^+2| + *“ + |®n|} ^4^ = i€. 

Also, 

I^n|<{|ai| + |flt 2 l+ —+ Ky|} Max |6„_,„ + ...+&n| 


Thus, for n>N-{-Ni we have C'„|<€ ; that is, 

]im (AnB^—Cn) — 0, In other words, the series 27c„ 
converges to the sum a 6. 

Examples 

1. Prove that, for certain values of x and 6 which are to 
be stated. 
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00 00 00 
(ii) 2i7a;" cos nd sin nd = E(n-\-\)x^ sin nd. 
n-0 n-=0 n=0 

2. Prove that, for certain values of x and B which are to 
be stated, 

00 /pfi 00 00 j » 

27 — cosn^27 — sin = 27 —(l+i + .-.H- 1 1 sin nd, 

n-l W n = l ^ n~l/ 

and deduce from the example at the foot of page 77 that 
^ / 1 \ sin nO 

(i) Z (1+J+...+ -—— = US—tt) log (2 sin Jfl), 

n«»2 ' ^ ^ 

(0<d< 27r), 

(ii) J^(-iri{i+i+...+ 2-;^, = 4 ^^ log 2. 

3. Find partial fractions for 

(o -|-1 )(c8 3).. .(o -f"2n — 1) 

a(a4-2)...(a4-2n) 


and hence prove that, if o>0 and — l^aj<l. 



1.3 a 
*■^£40+4 


j |i+4*+ 


1-3 . 

2.4 ^ 



u -}-1 


(q+l)(a+3) 

(o+2)(a+4) 


Answers. 1. (i) |a;|<l; (ii) |a?|<l, all values of d. 
2. |a;|<l, all values of d; or a? = 1, d^2k7r; or a?= —1, 
d#(2A; + l)7r, k being any integer. 



CHAPTER VIII 


INFINITE PRODUCTS 

49. Convergence and Divergence of Infinite Pro¬ 
ducts. Suppose that a„ is any real function of n 
defined for all positive integral values of n and let 

= n{l+ar) = (l+«i)(l+a,)...(l+aj. 

f=i 

If Pn tends to a finite non-zero limit P, then we say that 
the infinite product i7(l+a^) converges to the limit P 
and we write 

/7(l+aJ=P. 

n = l 

If P„ does not tend to a finite non-zero limit, then we 
say that the product 77(1 +On) divergent. When 
we say that 77(1+a„) diverges to zero. The phrase 
“ diverges to zero as applied to an infinite product may 
at first sight seem curious, but it appears quite natural 
when we observe that the behaviour of the product 77(1 +a„), 
a„> —1, is completely determined by the behaviour of the 
series E log (l-j-a„). This follows since 

log P, = log {77(1+a,)} = E log (1+a,). 

f-l r=l 

Thus, to say that the product 77(1+a„) diverges to zero 
is the same as saying that the series E log (1+an) diverges 
to — cx). It should be noted that, if each of a finite 
number of factors has the value zero, the product is 
convergent if it converges when these factors are removed. 
In such cases the product has the valm zero. 

98 
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00 

If the product /7(1 4-^n) is convergent, P„ and tend 

n=l 

to the same limit as n->oo ; that is, 

whence Hence a necessary condition for 77(1+a,j) 

to be convergent is that 

It follows at once that, if the product 77(1+a„) has an 
infinity of negative factors, it cannot be convergent. Such 
products, therefore, need not concern us further. If 
77(1+a,i) has a finite number of negative factors there is 
an integer k such that, for n>A:+l> we may 

write ^ jfe 00 

77(1= 77(1+aj 77(1+aj. 

n = 1 n = 1 n = * + l 

It is clear, therefore, that, as regards convergence and 

00 

divergence, the product 77(1+a„) behaves in exactly the 

n = 1 

00 

same way as the product 77(1 +tt„). We shall thus assume 

n = k-{-l 

throughout this chapter that a„>—1 for all values of n, 

50. Some Theorems on Special Types of Pro¬ 
ducts. We first prove two theorems for products in 
which the are all of the same sign. 

Theorem 51. If a„^0 the series Za^ and the product 
n(l+an) converge or diverge together. 

When we have l+a;<e®. Thus 

8* • • 1 ) (1 +^ 2 ) • • • (1 +®n) +«•+— + 

that is. 

Since and are monotonic increasing functions of n 
the result follows. 

Theorem 52. If —l<a„<0 the series Sa^ and the 
product ^(l+af^) converge or diverge together. 
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For convenience, write so that 

Since for 0<a;<l, we have 

Thus if is divergent we must have Pn“^^ J 
the product diverges to zero. 

Suppose, now, that is convergent. Then, given e, 
we can find N = ^(e), such that 

0^3f,<€. 

v^N 

Also, 

(1 —by)(l — 

(1 —by)(l—b^+i){l —&jv+2)^(l —bN~^N+i)i^ —^N+ 2 ) 

^^—^N~^N+l—^N+2 

and therefore, for n>Nf 
(l—b2f)(l—by+j),., (1— 

Clearly, Pn/PN-i is monotonic decreasing and we have 
shown that it has a positive lower bound. It follows that 
Pn tends to a finite non-zero limit; that is, 11(1+an) is 
convergent. 

The following theorem provides us with an easily 
applied test for the convergence of an infinite product 
in which the may be of either sign. 

Theorem 53. If the series is convergent, then 

the product 77(1+a„) and the series Za^ converge or diverge 
together. 

Since Za^^ is convergent we can find N such that 
l®n|<i for n>N, For such values of n 

|log(l+a„)-a„| = |^*-^®+... 

< i«n®{l + |anl+ *»*!+•••} 

On* 

“2(l-la„l) 

< o„*. 

It follows that the series i^llog(l+a„)—a*,| is convergent 
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and therefore that the series 2'{log (l+an)““^n} ^ 
vergent. That is, log tends to a finite limit. The 

theorem therefore follows. 

As illustrations of Theorems 51, 52 and 53, we observe 
that the products 


n 


n = l 


(*+=)■ 



are respectively divergent, divergent and convergent. 


51. The Absolute Convergence of Infinite Pro¬ 
ducts. Before defining the term “ absolute convergence ” 
as applied to an infinite product we prove a theorem of 
independent interest. 

Theorem 54. If the series E\an\ is convergent, then the 
series E\log (l+a,j)| is also convergent. 

Since E\an\ is convergent we can find N such that 
l^nl <\iov n^N, When > 0 and n'^ N we have, as 
in the proof of Theorem 53, 

I log (1+aJl = log (1 + Kl) < < iKI. 

while, when a„<0 and n'^N, 

I i«e (1+«.)! = log 1^-log 



< 2|a„|. 


Thus, for all values of n'^N, we have 
|log(l+an)|<2(a«|, 

and the result follows from the comparison test. 
We deduce at once the following theorem. 
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Theorem 65. If the product FI{jL + \an\) is convergent 
80 also is the product J7(l +««)• 

By hypothesis and Theorem 51 the series 2\an\ is 
convergent. Hence, by Theorem 54, the series Z'llog (1 +a„) | 
is convergent. Thus the series S log (1+a^) and therefore 
the product i7(l+a„) are convergent. 

The product /7(l+a„) is said to be absolutely con¬ 
vergent if the product 77(1 + |a„ |) is convergent. Theorem 
56 therefore merely states that every absolutely convergent 
product is also convergent. 

There is an analogue of Theorem 29 for infinite products. 

Theorem 56. The factors of an absolutely convergent 
product 77(1+®n) rearranged in any order without 

affecting its convergence or its sum. 

Since the product 77(1 +ja„|) is convergent the series 
E\a^\ is convergent by Theorem 51. It follows from 
Theorem 54 that the series i71og(l+a,j) is absolutely 
convergent. The order of the terms of this series may 
therefore be altered without affecting its convergence or 
its sum. The required result follows at once. 

52. The Uniform Convergence of an Infinite 

00 

Product. The infinite product 77{l+a„(a;)} is said to be 

n = l 

uniformly convergent for a^x^b if 
Pn(x) =/7{l+a,(a:)} 

n«l 

tends uniformly to a limit P(x) for a^x^b. 

The following theorem may often be used to test for 
the uniform convergence of a product. 

Theorem 67. If the series E\an(x)\ is uniformly con^ 
vergent for then so also is the product 77{1 +an(x)}. 

Since the series i7|a^(x)| is uniformly convergent for 
we can find N, independent of x, such that 

G 
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|®n(^)|<i whenever n>N. For such values of n and 
a^x^b we have 

|log {1 +a„(!r)}I < \a„{x )| + J|a„(a:)|*+... 

^ K{x)\ 

<2|o„(a:)|, 

whence it follows that i^llog {l+art(a;)}|, and therefore 
log {1+«„(«)} is uniformly convergent for a<a:<6. 
In other words, log P„(ir) converges uniformly to a limit 
which we may call log P(x ); that is, P„(a;) converges 
uniformly to a limit P{x ). 

For example, the product 77(1is uniformly con¬ 
vergent for |a;|<p<l. 

We now obtain the analogue of Theorem 39. 

QO 

Theorem 58. If the product n{l-\-an(x)} is uniformly 

n=l 

convergent for a^x^b and if lim a„(a:) = a„, where a^XQ^b, 

then „ * 

lim 77{1+a„(a;)} = 77(1+a„). 

n = l n^l 

00 

The series 2^ log {l+a„(a;)} is uniformly convergent for 

n=»l 

a<a;<6 so that, by Theorem 39, 

lim S log {l+o„(a:)} = S log (l+a„), 

x-*Xo n = l 

The result at once follows. 


53. The Infinite Products for sin x and cos x. 

We shall show that, for all values of x, 


inx = x^ 

\ w*7r7 

JJ jl- — _\ 

nil (2m-1)M/- 


COS X 
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Wo shall obtain the infinite ])roduct for sin x and 
deduce from it the infinite product for cos x. 

It should be noted, firstly, that the result is true if x 
is any multiple of tt, since each side of the identity is 
then zero. We shall therefore suppose that x is not a 
multiple of tt. 

Secondly, we observe that, if n is an odd positive 
integer, sin nx is a polynomial in sin x of degree n, for, 
if true for 1, 3, 5, ..., w~2, this is also true for n, since 


sin nx = 2 sin (n—2)x cos 2a:—sin (n—4)a; 

= 2 sin {n—2)x{\—2 sin^ a:}—sin (n—4)a;. 


The assertion is true when w = 1, 3, so that it is true 
generally by induction. 

Thirdly, sin nx vanishes when x is any multiple of 
tt/w so that, when n is odd, we may write 

sin nx = Ki^mx n {sin^a:—sin2(r7T/n)}, 

r=l 

^ f, sin2a: 'j 

sinna: = Zasin a: 77 11- —t-tK 

r=i I sm2(r7r/n)j 


where Z,, are independent of x but may depend on n 
It now follows, on writing x for nx^ that 


Sin X = sin (x n) 77 11- . » / , t K 

^ ' r=i I sm2 {rn n)) 


In other words, for all values of x under consideration, 


^ I sin (a:/7i)f / r^i \ (rirln)]' 

In this identity the left-hand side is independent of x 
and therefore so must also be the right-hand side. To 
determine their common value let a:—>0. Then clearly 
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Thus, for all values of x under consideration and for 
all odd positive integers n, 

. , , sin2(a;/n) 'j 

Q-tYX Or* — Qxirx i^l^\ f f J 1 _ _^_ L _^ L 


*(«-!> f g 

3in a: = n sin (x n) Jj -[1-r 

r=l I 81 


where 


-sin* irn/n)) 

00 

s= n sin (z/n) U {1+/,(»)}, . 

/,(n) = 0, 


From the inequality 0>sin 6'^2dl'jT, (0<fl<|7r), we 
have, for n>2\x\l7r, 

!/.(«)!< :-:4^s=4t. 

x^ 

and the series — is convergent. Thus the product on 

the right of (1) is uniformly convergent for all values of n 
and it follows from Theorem 58, on making n tend to 

infinity through odd integral values, that 

00 

sin a; = lim {n sin (x/n)} TI {1 +lim fr{n)} 

n-^30 r = l n-*oo 




To obtain the infinite product for cos x we observe 
that 

sin 2 x 

cos X = rr—;— 

2 sin X 


2a: Um 

_ n->oo r«=l \ ! TT f 


‘) {■ 


4a:® 

(2n-l)»» 
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From the expression for sin a; as an infinite product 
we can easily deduce the following expansion for cot 
valid for all values of x except zero or a multiple of tt :— 


= _ I-]. 

X r^iy'rr—x riT+xJ 

We have 

® / x^ \ 

log sin a: = log x+Z log (1-^). . 

r«l \ r^TT^/ 


whence 


cot a; =-27 


X r^7T^—x^ 


for all values of x for which term by term differentiation 
can be justified. If x lies in the interval 

Jc7T + €i + 1)71’—€29 

where k is zero or a positive integer, we have 


a;2 


<2(i;-fl)7r 27 — TkJT\^ 

r^k+2 r^7T^—(/c+iy7T^ 

^ 2 (k+l) - 1 

^ r=T+2 r2-(A:+l)2’ 


and this series is convergent. We obtain a similar result 
when fc is a negative integer. Series (3) is therefore uni¬ 
formly convergent for any range of values of x which does 
not include a multiple of tt. It follows that term by 
term differentiation of (2) is permissible for such values 
of x and that (3) holds for all values of x which are not 
multiples of tt. 

The stated result at once follows. 


w" 

Example, Prove that Z . 

n-l ® 

From the series 

Bmx^x— - 
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we have, as 


sin X 


sin 05 [ 

a;* ^ ^ 


y+OM} 



l. 6 


00 / a;2 V 

00 1 


= ~ -2; — 
n=l W-*7r* 


On the other hand, 

1 sin X 1 

X 05 * 

Let a5->-0. Then, from Theorem 39, 

1 g 1 

which leads to the required result. 

54. The Gamma Fimction.* Suppose that x is 
neither zero nor a negative integer and that 

•••(!) 

We may write 

PJa:) = l/|a:(l+j) (l+|) - (l+ 


xe 






The series 


|log ^1 4 - ~ j behaves like E ~ and is there¬ 

fore convergent. Thus the infinite product 77 |l + 
is convergent and we have 

lim P„(x) =-- ... (2) 




* See a, § 37, 
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this Kmit having been shown to exist. This limit defines 
for all values of x except zero or a negative integer the 
Gamma function r(x). 

We proceed to obtain some properties of r(x), 

(i) If X is neither zero nor a negative integer 

r(x+l) = xr(x). 

We have 

n*'^^n\ 

r(a;+l) = (*-fi)(a;+2)...(a:+n+l) 

__ y n y n^n\ 

a;+»+l x(x + l)...(a:-|-n) 

= xr{x). 


In the particular case when x is the positive integer n 
we obtain, by repeated application, 

r(n+l)= nr(n) 

= n(7i—l)r(n—l) 


= n(n-l)...3.2.1.r(l) 

, .. n,n\ 

= ni lim — z —pp. 

n-.Q0 1.2...(w + 1) 

= n!. 


This shows that r(n+l) may be taken as a suitable 
definition of the symbol n\ where n is any real number 
except a negative integer. 

(ii) If X is neither zero nor an integer 

7T 

sin TTx' 


r(x)r(l-^x) = 
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n®n! 


= lim 


'*IFD 


lim 


llTYI ■ 
►00 

1 


n! 


(1—a:)(2—ar)...(n-t-l-i) 




TT 

sin TTX 


When X = i this result becomes 


m)}^ = 


TT 

sin ^7T 


TT. 


Now (2) shows that, when x is positive, r{x) is also positive. 
It therefore follows that r(i) = ^/^T. 


(iii) {Duplication Formula,) For all values of x for 
which the Gamma functions are defined 


r{2x) = ^-^r{x)r(x+\). 

We have 

mr(x+\) 

r{2x) 

^ _ n/*+i w! _ 

2a;(2a; +l).. .(2a;+2n) 
^ {2n)*»(2n)! 
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_ (^j)2 

n-»>oo x+n+^ (2/1)1 


= lim 




a?+/I+J { (2n)2"+ie“ 

= V(2.)2— 

_ \/^ 

■“ 2^* 


, (Art. 33) 


Example, 

integers, 


Prove that, if a, 6, a+6 are not negative 
* r(r+a+6) _ r(l+a)r(l+6) 

,ii(r+a)(r4-6) ~ m+a+b) ‘ 


We have 
«+i r(r-|-a+5) 

(r4-a)(r+6) 

(1 “ f ~^)(2 " 1 "^ " h ^)* • •(! 4 "® 4 "^ " 1 "^) 

ni+«+^n! ‘(14-«)(24-a)...(14-a4-H) 

ni+*>n! n4-l 

( 1 4"^)(2 4"^)-••(! 4"^^ 4"^) w 

and the result follows on making n tend to infinity. 

Examples 

1. Prove that 

(i) n 4, (ii) i7{i+{i)* }= 2, (hi) n = - 

n = l n = 0 n = 3. 

2. If a„ is positive, monotonic decreasing with limit zero, 
show that /7{(14-an)^~^^”} is convergent. Do the same 
restrictions on a„ imply the convergence of the product 

/I{l+(-l)X}? 

3. Prove that the product 

(‘+^) (-^,) (‘+ 7 .) 

diverges to zero. 
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4. Discuss the convergence of the products 


(i) 




sin 04-n 

*-‘K (■+:)/• 


5. Prove that 


(i) /7{l+2a:»"-‘cos (2«->e)+®*"} = —- 

n=i l — 2x COS 6-]-x* 

(-l<x<l), 

(ii) i7{l+6“2V} - 4(l4-coth <^), (^>0). 

n = l 

Deduce from (ii) that, when ^>0, 

00 

2'2"(1—tanh 2**<f>) = coth ^—1. 
n«0 

6. Prove that 

(i+4)(i~4)(i+i)... = 1, 

but that when the factors are rearranged in the form 

(1 + 4)(1 +4){1 +*)(! “i){l +i)(l +*).... 

where three terms greater than imity are followed by one 
term less than unity, the product is equal to \/3. 


7. Prove that 


7rx(x-i-l) 


- AK '- ShM ’ 


(ii) TT* cosec*7ra; = S (a?+n)“*. 

n =» —00 

8. Prove that, for all values of a?. 


2n / «;v 

lim 17 11-) = 2“*. 

r—n+1 ' 
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9. Prove that, if y, t/—a? are neither zero nor negative 
integers, 



{n+y)V 


{r(y)V 

r{y—x)r{y+xy 


10. Prove that 


« 4n{4n^2) ^ {Aj)}* 

ti=l (4n4-l)(4n—3) 4\/w“ * 


11. Prove that 


x0+9(‘-|)" 


12, Show that, with certain restrictions on the values of x, 

(ii) r{*+t)r(*+j)r(*+i)r(x+i)=(23r)’/>2-”-ir{4®+i). 


13. Prove (hat 


r=i W yn 


Answers. 2. No ; see Example 3. 4. (i) Diverges to 

zero if 0>O, converges if ^ = 0, diverges if ^<0; (ii) con¬ 
verges for |a?( <1; (iii) converges for ; (iv) converges for 
^ = (v) converges for |a?|>l and for a; = 1, diverges to 

zero for — l^a;<l ; (vi) convergent, [a must be > —1]. 
12. a; must not have any value which makes the argument 
of one of the Gamma ftinctions zero or a negative integer. 
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DOUBLE SERIES 

55. Introduction. Suppose that we have the array 
of numbers 


®11 

®12 

®18 

"14 

®21 

®22 

®28 

®24 

®31 

®82 

®88 

®34 

®41 

®42 

®43 

®44 


We wish to consider the series whose terms are the 

members of this array. The series is called a double 

00 

series and is denoted by E In defining what we 

m,n = l 

mean by the sum of such a series we are at once confronted 
by a difficulty. For example, the following four definitions 
of the sum might be regarded as quite reasonable. 

lim 27 (27 a„„),.(1) 

jV-^oo v — 2. m+n — v 

lim (27 «„„ + 27 jv). (2) 

m—N^n<N m<Ntn — N 

M N 

lim { 27 (lim 27 .... (3) 

i»=»l jY-^co n=l 
N M 

lim { .2 (lim 2! a„„)} .... (4) 

N-^co n«l M-^oo m = l 

In the first* we are summing by “triangles,” in the second I 

♦ 2 Cfm, n= *'— 2 +•••+<*»'— 1 , 1 * 

n<y 
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by “ squares,** in the third by “ rows ** and in the last by 
“ columns.** Clearly these methods of defining the sum of 
the double series are only four of an infinite number which 
could be devised. 

Naturally, we wish our definition of the sum of a double 
series to conform as closely as possible to the definition 
of the sum of a single series. This analogy may be pre¬ 
served by starting at the top left-hand comer of the array 
and taking successive groups of terms, where each group 
consists only of a finite number of terms of the series and 
contains all the elements of the preceding group, and then 
examining the limit of the jp-th group as p tends to infinity. 
These successive groups correspond in fact to successive 
partial sums in the case of single series. Generally speaking, 
the limit of the p-th group will depend on the system by 
means of which the groups are formed. When, however, 
the limit is finite and independent of the system of grouping 
we say that the double series is convergent and that the 
limit in question is the sum of the series. In all other 
cases the series is said to be divergent. We use the 
term properly divergent in the case of a series where 
the p-th group tends to +oo or to — oo for all possible 
systems of grouping. 

It will be noted that the third and fourth definitions 
above are not included in this general definition since our 
groups in these two cases do not consist of a finite number 
of terms. If (3) is finite we say that the repeated series 

GO 00 

E E is convergent to the value of (3), and if (4) is finite 
m-l n-=l 

00 00 

we say that the repeated series 27 27is convergent to 

n«-l m-»l 

the value of (4). 

The following preliminary theorem will serve to illustrate 
these definitions. 
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Theorem 59. 


(i) If S converges to the sum a and if E con^ 

m, n=l m, w = l 

oo 

verges to the sum j3, then E {ct^mn+^mn) converges to the 

w, n»l 

sum (a+j8). 


00 

(ii) If z converges to the sum a and if c is inde- 

f», n = l 

00 

pendent of m and n, then E ca^^ converges to the sum ca, 

m,n — l 

Similar results are true for repeated series. 


Write Cjnn = ^mn+^mn- Take any system of grouping 
Oiy 0^, Oj,y ... and let g^,, g\^y gl denote the sums of all 
the terms in the group Qj, for the series Ea^^j^y Eh^^ 

Ec^^ respectively. Clearly g' = gjy+g]r But and 
tend respectively to a and as jo tends to infinity. Hence 
gl^a+py and this holds no matter what system of 
grouping is adopted. Result (i) therefore follows. 

We leave to the reader the proof of (ii) and the considera¬ 
tion of the case of repeated series. 


56. Double Series whose Terms are Non-negative. 

Theorem 60. //, for all values of m and ?i, then 

00 00 00 
the double series E a^n ctnd the repeated series E E a^nt 

t»,n = l m=l n —1 

00 00 

E E a^n cither all converge to a finite sum a or else they are 

n—1 »»=«1 

all properly divergent. 

We prove first that the double series either converges 
to a sum a or is properly divergent. 

Consider any method of grouping the terms of the 
series. Let the successive groups be denoted by Gj, G 2 » •••» 
Oj,y ... and let the sums of the terms in these groups be 
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denoted by ^ 2 > •••> ••• respectively. Then, in accord¬ 

ance with the definition of our system of grouping, and 
since we have 


••• • 

Suppose that the sums of all selections of terms from 
the double series, finite in number, are bounded and have 
upper bound a. Then clearly, for all values of p, 

On the other hand, given €, there is one finite sum at 
least which is greater than a—e. By choosing a large 
enough value of p, say pj, we can include all the terms 
of this finite sum in the group Thus gp^>cL—€ and 
a fortiori — e whenever p^Pi- Hence, as p->oo, 

and, since this is independent of the system of 
grouping, it follows that in this case the double series 
converges to the sum a. 

Suppose now that there is no upper bound for all the 
finite sums of the terms of the series. Then, given any 
positive number iC, there is at least one finite sum which 
is greater than K, As before, we can find a value p^ of p 
such that Op^ contains all the terms of this finite sum. 
Hence g^^K for p^Pi and the double series therefore 
diverges to +oo. 

We have now to consider the case of the two repeated 
series. It will clearly be sufficient to prove that the two 
series oo oo « 

Z ( Z ^ ^ ^mn 

p=>l m+n=p m=l n=l 

converge or diverge together and that, when convergent, 
their sums are equal. 

Suppose first that the double series converges to the 
sum a. Let Cp = Z Then, clearly, for any fixed 

fn+n*p 

value of m 

Since the double series is convergent the series on the 
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right is oonvergent and it therefore follows that, for each 

CO 

fixed value of m, the series is convergent. 

n-l 

Write Oft = 2cp, Cffi = S (Ea^). 

Then it is clear that whence a< limC^, Again, 

fJr-^-CO 

we may write 

Cfi = ^ { ^amn-hfm.u+lh 

m=l w=l 

00 

where ^ ®tnn* Given c, we can determine vj^ 

n=v+l 

such that, for v>vj^, 

h,,+i\<eli^> (* = 1 . 2 ,... (i). 

Let V be fixed and greater than Max Then 

Cfi ^ £ U Umn+€ 
m=ln-l 

^ Cjfi+y+e. 

It follows that lim C^<a+€. But € is arbitrary, so that 

lim < a. We have already proved that lim C^'^a. 
The repeated series therefore converges to the sum a. 

Now suppose that the double series is properly divergent. 
00 

Then either diverges to +oo for some value of m, 

n»l 

«> 

or Ea^nn converges for every value of m. If the former is 

n=l 

true the repeated series diverges to +oo and no further 
proof is required. If the latter is true we prove exactly 
as before that whence C^->+oo. 

The theorem is therefore completely proved. 

We now obtain the analogue for double series of the 
comparison test. 
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Theorem 61. //, for all values of m and n, 

00 

and if the series Z a^^ is convergent, so also is the series 

m,n=«l 

QO 

Z A similar result also holds for repeated series, 

m, n—1 

Take any system of grouping Oy^, 0^2* ••• the series 
Za^n ^mn 9vt 9„ b® i^^® of fh® terms 

of Za^nn aiid i76^„ respectively in (?p. Clearly 
Now gjt tends to a finite limit and g^ is monotonic 
increasing. It follows that gr' tends to a finite limit. 
For double series the theorem is therefore proved. The 
result is obvious in the case of repeated series. 

Example, Examine for convergence the repeated series 

00 « 1 
Z E -. 

This series converges or diverges with the double series 

00 1 

E — -- and, in particular, with the series 

jf i _i_). 

If o<l, m+n = P* we have 

2p“>m“4-n“>2(ip)“ 

whence 

P-l ^ r ^ 

2p“ «+„-p m»+n« 2(ip)»’ 

It therefore follows that the double series converges or 
diverges with the series Zl/pa”^. Hence the double series, 
and therefore the repeated series, is convergent if a>2 and 
properly divergent if a^2. 

57. Tlie Absolute Convergence of a Double Series. 

The definition of the absolute convergence of a double series 
is analogous to the corresponding definition for single series. 
We first prove the following theorem. 

H 
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00 

Theorem 62. If the series 2 |a^„| is convergent, then 

m,n—1 

00 

so is the series 2a^n- ^ similar resvU holds for repeated series, 

•», n-l 

Let 

^mn =®mn> (®nin^O) . (^tnn^®)* 

= 0, (a^„<0) ^ = 0, (amn>0) 

Then 

®mn ~ ^tnn ^mn> |®mn| ” ^»»n"t”^inn» 

00 00 

Eaoh of the series 2 b^nf ^ <^mn is a convergent double 

w,n=l 

series of non-negative terms, by comparison with the 
00 00 

series 2 la^nl* follows from Theorem 69 that 2 (hnn^^mn) 

m,n=l w.n—l 

00 

== 2a^n is convergent. 

m,n=l 

In the case of repeated series the proof is similar. 

00 

If the double series 2 |a^„| is convergent, then we say 

m,n=*l 

00 

that the series 2 is absolutely convergent. If the 

m,n^l 

00 X XX 

repeated series 2 2 \a^^\, 2 2 |a„„,| are convergent, then 

}n»lnal n=l/n=l 

XX XX 

we say that the repeated series 2 2a^^, 2 2 a^n are 

m—1n«l n=lm—1 

absolutely convergent. 

As in the case of single series most properties of double 
series of non-negative terms remain true for series whose 
terms are not all of the same sign but which are absolutely 

X X 

convergent. In particular, if one of the series 2 2 

XX X m*»l n«>l 

2 2a^^, is absolutely convergent, then so are the 

other two and the sums of all three series are the same. 
We leave this general result to the consideration of the 
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reader, although it will in part be proved in the next 
article. 

58. The Interchange of the Order of Summation 
for Repeated Series. We now consider in a little more 
detail an important special problem relating to repeated 
series. We wish to investigate under what conditions we 

are entitled to change the order of summation in the series 

00 00 

E Ea^n- We have already discussed this question in 
m = l w = l 

certain particular cavses. For example, we have proved that 
we are entitled to change the order when and have 

stated that we can also do so when cither of the repeated 
series is absolutely convergent. We shall now prove the 
latter result. 

00 00 00 00 

Theorem 6.3. If either of the series E Ea^^y ^ 

m — ln = l n = l »n = l 

is absolutely convergent, then so is the other and their sums 
are the same. 

Suppose that the first series is absolutely convergent. 

This is the same as saying that, for each value of m, the 

00 

series E |a^„| converges to a sum and that the scries 

»=i 

00 

Ecr^ is convergent. The absolute convergence of the 

m = l 

second series follows at once from Theorem 60. We 
therefore confine ourselves to proving that the sums of the 
two series are the same. 

We may write 

00 00 CO N CD CO 

E E a^n =27 E + 27 27 a^^ 

m—l n—l in«=l n —1 m = + l 

N CD 00 00 

= Z* 27 a|„n+ ^ ^ ^mn 

n=^lm^l m = l + 1 

oc 

since N is finite and 27a^^ converges for each value of n. 
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The theorem will then be proved if we show that 
00 00 

lim 27 a„„ = 0. 

m=ln=N+l 

Let p„{N) = 2 o„„. Then 

n=>N+l 

n«=^+l 

00 

and therefore, by Theorem 36, the series Z pm(^) is 

»i=i 

uniformly convergent for all values of N, Hence, by 
Theorem 39, 

00 00 00 

Urn 27 27 a„„ = lim 27 pm(N) 

N~^co m—1 »—JV + 1 N-xx) »n = l 

00 

= -27 {lim p„(N)} 

m-~l N~^cto 

= 0 , 

oo 

since the series Z a^n converges for each value of w. 

n = l 

A slightly more general theorem of the same type is 
the following. 

Theorem 64. If 

00 

Ptri(^) = ^ «mn 

n^N + 1 

and if, for all values of N, \pm{^)\<^m "^h^ere the series 
00 00 00 
Zom is convergent then the convergence of the series Z Z 

m»*l m*=l n = l 

00 00 

implies the convergence of the series Z Z sums 

n«*l fn«l 

of the two series are the same. 

We observe that, for each fixed value of n, 

|Om»| = lpm(»-l)-Pm(n)| < 2cr„ 

00 

SO that the series Za^^ is oonvergent for all values of n. 
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Repetition of the proof of Theorem 63 now yields the 
desired result. 


Example, Prove that 


00 » 
S E 


(- 1 )" 


12 ’ 


m=l n=l 

Denote the given series by 8^ and by 8' the series 

1 


Now 


E ( — !)♦* E — 
n=l m«l (w2-i-m)(n2+m-l) 


1 


1 


so that the series E 


1 


converges for each 


value of n to the sum 1/n*. The series <S' is therefore absolutely 

CO 

convergent to the sum of the series 27( —l)"/n®. Hence, by 

n=l 

oo 

Theorem 63, the sum of the series 8 is equal to i7( —l)**/n*. 

n=l 

Now 

I (-!)"/»’ = ^ 

n-1 n=l n=-l 12 


Examples 

1. Examine the convergence of the series 
® 1 


m,»=-2 (am“+6n“)(log »»n)|3' 

« 1 

2. Examine the convergence of the series E 

m,?i=i m' 




and 


prove that 


120 ’ 


where the dash denotes that those terms for which m = n are 
omitted from the summation. 
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3. Show that, if a and j8 are greater than 1, the series 


00 

£ 


m,n = 


1 

1 


converges if j8>a/(a —1) and diverges if /5^a/(a—1). What 
happens if a or jS or both are less than 1 ? 

[Consider the corresponding repeated series and use 
Theorem 16.] 

4. Show that 


1 _ “ sin{27r(n + l)/3} ^^ ^ ^ « (-1)" 

1-fiC+aJ* n=0 sin(27r/3) n=0 3”+^ 


(l+2a;)*« 


stating the range of validity of each expansion. Deduce the 
sum of the series 

V (2n)! 

„=ro 3" ■ (2w-r)!rl 

for any positive integer r, where m = Jr or J(rH-l) according 
as r is even or odd. 

6. Prove that, if |ii;|<l, 

ao 00 

%fl 

For what values of x are the two series convergent ? Show 
that if la; I > 1 the first series is equal to 

00 Y 

,fi ajf+i-r 


Answers. 1. Convergent if a and h have the same sign 
and if a>2. 2. Convergent for a>l, j3>l. 3. The series 

diverges. 4. jicj< 1 for the first expansion, —('\/34-l)<2a;< 
(^3 — 1) for the second. 5. The first series converges for all 
values of x except ±1, the second for |a?| <1. 
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